Pé 60
PE HSG TOAN 9 HAI DUONG NAM 2023-2024
Céu 1. (2,0 diém)

1) Cho a,b,c 1a cac s6 thuc duong théa man a+b+c=6 va

Va+Vb+c=4.
Chiing minh ring: -+12 4 X€ -
ung minh rang: "= b+5 c+5 Ja+5 (b+5)(c"‘5)

3

2) Cho f(x)= . Hay tinh gi4 tri ctia biéu thuc sau:

X
1-3x+3x°
1 2
f‘_f(2022)+f(2022)+“'+f
Céu 2. ( 2,0 diém)
1) Giai phuong trinh: 3x*+6x—3=

2021
2022 )

2022
+f
2022)

x+7
3
xy+x+1 7y
y+xy+1 13y

2) Giai h¢ phuong trinh:

Ciau 3. (2,0 diém)

1) Tim cac s6 nguyén x; y thoéa man dang thirc: 8x* y*+x*+y’=10xy.

2) Cho p;x;y 1a cac s6 ty nhién thoa man px*+x=(p+1)y’+y. Ching
minh rang px+py+11a s6 chinh phuong.

Ciu 4. (3,0 diém)

1) Cho dudng tron tim O, ban kinh R. Piém A nim bén ngoai dudng tron
tam O . Qua A v& hai tiép tuyén AB , AC vé6i duong tron ( B, C 1 cac
tiép diém). Goi M , N lan luot 13 trung diém ctia AB , AC ; H 13 giao
diém cta AO Vol BC Lay diém E bat ki trén duong tron ( E khac B va
C). Qua E v& tiép tuyén voi dudng tron tdm O | tiép tuyén nay cat
duong thing MN tai K.

a) Ching minh rang: MN*=AH . HO;
b) Chimg minh rang: KA=KE,

2) Cho tam giac ABC c6 ba goc nhon, ni tiép duong tron (O;R). Goi
D,E,F lan luot 14 giao diém cta cac duong thang AO véi BC,BO voi
AC,CO voi AB.

9R

Chting minh rang: AD+BE +CF2==,

Céu 5. ( 1,0 diém)

Cho a;b;c 1a cac s6 thyc duong thoa man: a+b+c=1.
a2+b2+2+a2+c2+2+c2+b2+2
a+b—ab a+c—ac c+b—cb’

Tim gi4 tri nho nhat cta biéu thirc: S=

—-Hét---



PAP AN
Cau 1 (2,0 diém)

1) Cho a, b, clacac s6 thuc duong théa man a+ b + ¢ =6 va

Ja+V/b+c=4.

Chtng minh rang:

Ja b e 10
a+s b+5 c+5 \/(a+5)(b+5)(c+5)

3

2) Cho flx|= . Haly tinh gi4 tri ctia biéu thirc sau:

X
1-3x+3x°

2 2020
A= f(zozz f(2022)+'“'+f(2022)+f

1) Tu gia thiét ta c6
Wa+Vb+yc['=16 =Vab+Vbc+Vca =5
Suyraa+ 5 =a+ Vab+Vbc+Vca =(va+Vb)+(Va+c)
Tuong tu ta co:
e b+ 5=b+Vab+bc+Vca =(Vb+c)(Vb+Va)
o c+5=c+Vab+Vbc+Vca =("c+Va)(Ve+b)

Do do:

Ja b e Va . Vb . Ve
a+5 b+5 c+5 [Varyb|[Varic| [Vb+ic|Vb+val [Ne+valVe+b)

; Valvb+ve|+Vb[Ve+Val+VelVa+Vb) _2(Vab+Vbc+Vca)
Wa+Vb|[Vb+c|[Ve+Val ~ Jla+5](b+5|(c+5]

2021
2022 )

. 10
Vla+5|(b+5)(c+5]
Va \/— Ve _ 10

va
V445 b+5  c+5 \/a+5) (b+5)(c+5)

2) Trudc hét, ta chimg minh duge: Néu x + y= 1 thi f (x) +f (v) =1.

That vay f'(x) =m =f0)= f(l—x):%)
Suy raf (x) +£ () = () + fl1-x] = — Xs(i(]f)x)flv f igi)

1|1
H2)7%

S 2021 1010}, .(1012}] (1011
Ta co A= f(2022)+f(2022) et f(2022)+f(2022) +f(2022)

(biéu thirc trén c6 1010 dau ngodc vudng, mdi biéu thirc trong ngoic
vudng c6 gia tri bang 1)



Vay A= 1010 +f(%):1010,5.

Céu 2 (2,0 diém)
1) Piéu kién xé4c dinh: —7<x<—1-+2 hodc x>—1+2.

3x+6x—3=( X o3(x+17=,* 46 (2)
3 3

baty +1= XT+720=>3(y+1]2:x+7. T (2) suy ra 3(x+1/=y+7

. |3lx+1=y+7 246 x—y—4=
Ta co: X ’)~2 Y 3x2+6x Y 0
3ly+1]'=x+7 (3y’+6y—x—4=0
, y=x
3[x*—y*|+7(x—y|=0(x—y|[3x+3 y+7|=0& y=_—7—
3
x+7 x>—1 —\/ﬁ—S ) N
y= _=x+1& e X=—"
THI1:y=x=, 3 =X 3245 x— 420 5 (thoa man)
-7 +7 _—4 <— —V69—7 .
TH2:y=?—x=> XT:?—X@ X=73 «:»XZFT(thoaman)
9x’+21x—5=0
A A *A o \ \ - 73_5 - 69_7
Vay tap nghi¢ém cua phuong trinh 1a S= \/z ; \/; .

2) Nhan xét: y = 0 khong thod man hé = y#0.
Chia c4 hai vé ctia mdi phuong trinh cho y ta dugc:

1. x_ 1 x

X+—+2=7 X+—+—=7
2X)z/+x+1=7y - y y - yz y
Xy xy+1=13y" e, L X g5 x| —X=13
yoy y y
a—x+l a=4
Bt Y tacé: ‘21+bi7 - zb:7—a_ b_:3
p=X a—b=13 |a"+a—20=0 a=-5
y b=12
_ x+—=4 —3 x=1
e Truonghopl: a:4=> Y X=ay =1 _1 hoac
b=3 X _3 3y —4y+1=0 Yy=3




x+—=-5
Truonghop2: 4= 2=| ¥ x=12y A A 1
o ghop2: 1o X_p [12y2+5y+1=0 (hé v6 nghiém)
y

Vay h¢ phuong trinh c6 nghi¢m 1a ( x;y )€

(1;%),(3;1)]

Cau 3 (2,0 diém)

1) Taco: 8x°y*+x°+y*=10xy = x*+y°—2xy=8xy—8x"y = [x—y[/=8xy(1—xy|.
Do [x—y?>0véimoix, ynén8xy(1—xy|>0=0<xy<1.
Mat khéac do x ; y nguyén nén xy = 0 hoac xy = 1.

x=0=y=0

Truonghgp1: Néuxy=0 <
e Truonghop1: Néuxy ) =0=x=0

x=y=1

e Truonghgp2:Néuxy=1 =
x=y=-1

Vay, cac cap s6 nguyén ( x ; y ) thoa man bai toan 1a (0;0); (—1; 1) ;
(1;1).

2) Tacé:px2+x:(p+1)y2+y N p(xz—y2)+x—y=y2 . [x—y)(px+py+1)=y2

(x—y)id

batd=(x—y; px+py+1|(véid€E€N*)=
(px+py+1):d

Vilx—y| px+py+1|=y’=y*id=yid.Malx—y|:d=xid=(px+py)id
Taco \px+pylid =1:d=d=1.
| px+py+1)id
Vay x—y va px+py+1 13 hai s6 nguyén t6 ciing nhau, ma (x—y|[px+py+1
1a s6 chinh phuong nén px+py+1 1a s6 chinh phuong.
Cau 4 (3,0 diém)
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1) Taco AABC can tai A suy raAB=AC
AOBC can tai O suy ra OB = OC
Suy ra AO la dudng trung truc ciia BC suy ra AO L BC tai trung diém H
cua BC.
Xét AABO vuong tai B ¢6 duong cao BH nén AH. HO=BH

E 2: BCZ

2 4

Vi MN Ia duong trung binh cia AABC nén MN=

%:MNZ: B4Cz = M N’=AH. HO.
Chtrng minh KA =KE
AKEO vuong tai E , ta co
KE’=KO’-0OE’=KO’—R’(1]
Do MN // BC , M 1 trung diém ciia AB = 1 1 trung diém ctia AH
= AI=IH = OI — AI=0I —[H =0OH = KA’=KO’~0A.OH = KO*—OB’=KO’—R*(2)
Tu (1) va (2) suy ra K E°’=KA’= KE=KA.

2)

AH.BO=BH’=




Taco:
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. OA _Soc SAOB:SAOB+SAOC

AD Sasp  Sasp S aBc

OB SAOB+SAOC OC _ SaoctSosc
BE  S.,. 'CF_ Su.

OA OB OC 1 1 1)
=>4 Z—4-2=0 =>R|—+——+——|=2
AD BE CF AD BE CF
—2(AD+BE+CF|=R.|AD+BE+CF).| ——+—+_L
"\AD BE CF
Theo bdt ddng thitc AM —GM ,tacé: AD+BE+CF >33 AD - BE - CF Va
1,11 23§/¢+;+;
AD BE CF AD BE CF

2(AD+BE+CF)>9R=>AD+BE+CF>T

9R

Dau “=" xay ra khi AABC la tam giac déu.
Ciu 5 (1,0 diém)

Taco

. a+b+2 _ d+1+b°+1 a+1 b’+1

“a+b—

ab |a+b|la+b+c|—ab  @*+b*+ab+ac+bc a‘+b*+ab+ac+bc

Chitng minhtuong ty’ :

2 2 2 2
a+c+2 a+1 c+1
=72 t ]
atc—ac gqg°+c"+ab+ac+bc a +c'+ab+ac+bc
2 2 2 2
b™+c™+2 _ b +1 + c+1
— b
b+c—bc b*+c’+ab+ac+bc b*+c’+ab+ac+bc
2 2 2 2
b*+c™+2 _ b +1 + c+1
— - — )
b+c—ac b+c’+ab+ac+bc b +c +ab+ac+bc



2 2
. + +
Goix=— a+1 n a+1

2 2 2
a+b"+ab+ac+bc a +c +ab+ac+bc
1 1

=>x:[a2+1). — +
a’+b°+ab+ac+bc a+c°+ab+ac+bc

< . e 101 4
Apd bat dang thirc —+—>
p dung bat dang CX v Xty

1 1 4
+

,Vx;y>0.Taco:

>
2 2 2 2 - 2 2 2
a+b"+ab+ac+bc a +c+ab+ac+bc 2a°+b"+c"+2ab+2ac+2bc

1 1 4 4
+ > =

2 2 2, 2 = 27 2
a’+b’+ab+ac+bc a’+c’+ab+ac+bc  da*+la+b+c]’ a’+1

2
a’+1 a’+1 4la +1)
=X= = 2= =4
a’+b"+ab+ac+bc a +c +ab+ac+bc a+1

Chung minh tuong tu, ta co:

b*+1 b*+1
y: 2 2 + 2 2 24
a’+b°+ab+ac+bc b°+c +ab+ac+bc
2 2
,= c+1 n c+1 >4

- 2 2 2 2 =
a +c"+ab+ac+bc b +c"+ab+ac+bc

SuyraS=x+y+z 212.Dﬁubdngxdyrakhia:bzc:%

Vay gia tri nho nhat cta S bang 12 khi a=b=c=%.



