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LOI NOI PAU

Céac bai toan thyuc té (trong thién van, do dac rudng dat, .. .) dan dén viéc can
phai giai cac phuong trinh phi tuyén (phuong trinh dai sb hodc phwong trinh vi
phan), tuy nhién, cac phuong trinh nay thudng phirc tap, do dé néi chung kho ¢ thé
giai dugc (dua duoc vé cac phuong trinh co ban) bang cac bién d6i dai s6. Hon nita,
vi cac cong thirc nghiém (ctia phuong trinh phi tuyén hodc phwong trinh vi phan)
thudong phuc tap, cong kénh, nén cho du c6 cong thirc nghiém, viéc khao sat cac
tinh chat nghiém qua cong thirc cling van gip phai rat nhiéu kho khan. Vi vay, ngay
tir thoi Archimedes, cac phuong phap giai gan dung di dwgc xiy dung. Nhiéu
phuong phap (phuong phap Newton-Raphson giai gan dung phuong trinh phi tuyén,
phuong phap Euler va phuong phap Runge-Kutta giai phuong trinh vi phéan) da tro
thanh kinh dién va duoc st dung rong rai trong thuc té.

Vi su phat trién cia cong cu tin hoc, cic phuong phép giai gan ding lai
cang ¢ y nghia thyuc té 16n. Pé giai mot phuwong trinh bang tay trén gidy, c6 khi
phai mat hang ngay vdi nhiing sai sot d& xay ra, thi v6i may tinh dién tr, tham chi
v6i may tinh dién ttr bo thi, chi can vai phat. Tuy nhién, viéc thuc hién cac tinh toan
toan hoc trén may mot cach dé dang cang doi hoi ngudi sir dung c6 hiéu biét sau sic
hon v& 1i thuyét toan hoc. Mit khéac, nhiéu van dé 1i thuyét (sy hoi tu, tbe d6 hoi tu,
dd chinh xac, do phuc tap tinh toan,...) s€ dugc soi sang hon trong thuc hanh tinh
toan cu thé. Vi vay, viéc sir dung thanh thao cong cu tinh toan la can thiét cho moi
hoc sinh, sinh vién. Cong cu tinh todn s€ hd tro déc luc cho viée tiép thu cac kién
thirc 1i thuyét, giang day 1i thuyét gan véi thye hanh tinh toan, s& gitip hoc sinh, sinh
vién khéng chi tiép thu t6t hon cac kién thirc khoa hoc, ma con tiép can tét hon véi
cac phuong phap va cong cu tinh toan hién dai.

Néi chung, trong céc trudng phd thong va dai hoc hién nay, viéc gin giang
day 1i thuyét véi tinh toan thyc hanh con chwa dugc ddy manh. Piéu nay hoan toan
khong phai vi thiéu cong cu tinh toan, ma co 1& 1a vi viéc phd bién cach st dung cac
cong cu tinh todn con it dugc quan tam.

V61 myc dich minh hoa kha nang st dung may tinh dién tur trong day va hoc

moén Giai tich sd, chung t6i chon dé tai luan van Gidi gan ding phwong trinh phi



tuyén va phwong trinh vi phdn trén may tinh dién tir. Luan vin gdm hai chuong:
Chuong 1 trinh bay ngin gon cic phuong phap giai gan ding phuong trinh phi
tuyén va dic biét, minh hoa va so sanh cac phuwong phap giai gin ding phuong trinh
thong qua céc thao tac thue hanh cu thé trén may tinh dién tr khoa hoc Casio fx-370
ES. Chuong 2 trinh bay phuong phap Euler, phuong phap Euler cai tién va phuong
phap Runge-Kutta giai phuong trinh vi phan thuong. Cac phuong phép nay duogc so
sanh va minh hoa qua thuc hanh tinh todn trén may tinh Casio fx-570 ES va trén
chuong trinh Maple.

C6 thé coi cac qui trinh va chuong trinh trong luan vian 1a cac chuong trinh
mau dé giai bat ki phuong trinh phi tuyén hodc phuong trinh vi phan nao (chi can
khai bao lai phuong trinh can giai). Piéu nay da duoc chung t6i thuc hién trén rat
nhiéu phuong trinh cy thé.

Tac gid xin chan thanh cam on TS. Ta Duy Phuong (Vién Toén hoc), nguoi
Thay di huéng dan tac gia hoan thanh lun vin nay. Xin dugc cam on Trudng Dai
hoc Su pham (Pai hoc Thai Nguyén), noi tac gid da hoan thanh chuong trinh cao
hoc dudi sy gidang day nhiét tinh cia cac Théy. Xin dugc cam on Phong Gido duc
Pho Yén (Thai Nguyén), noi tac gia cong tac, dd tao moi diéu kién thudn loi dé tac
gia hoan thanh khoa hoc va luan van. Cudi cung, xin dugc cam on Gia dinh di dong
vién, giup do va chia xé nhirng kho khan véi tac gia trong thoi gain hoc tap.

Thai Nguyén, 20.9.2007

Tran Thi Hoan



CHUONG I

GIAI GAN PUNG PHUONG TRINH
PHI TUYEN TREN MAY TINH PIEN TU

P1. GIAI GAN PUNG PHUONG TRINH f(x)=0

Phuong trinh f(x)=0 thudong gip nhiéu trong thyc té. Tuy nhién, ngoai
mot 86 16p phuong trinh don gian nhu phuong trinh bac nhét, phuong trinh béc hai,
phuong trinh bac ba va bac bon 14 cac phuong trinh c6 cong thirc nghiém biéu dién
qua cac h¢ s6, va mot vai 16p phuong trinh dugc gidi nho cac ki thuat cua dai sb
(phan tich ra thira s0, dat an phu,...) dé dua vé cac phuong trinh bac nhét hoic bac
hai, hau hét cac phuong trinh phi tuyén 1a khong giai duoc chinh xac (khong co
cong thirc biéu dién nghiém qua cac hé s6 cia phuong trinh), vi viy nguoi ta
thudng tim cach tim nghiém gan diing cua phuong trinh. Va ngay ca khi biét cong
thirc nghiém, do tinh phirc tap ctia cong thirc, gia tri st dung cua cong thirc nhiéu
khi cling khong cao. Thi dy, ngay ca véi 16p phuong trinh don gidn 1a phuong trinh
da thic bac ba ax’ +bx* +cx+d =0, mic du co cong thirc Cardano dé giai,
nhung vi cong thirc ndy chira nhiéu cin thirc khd cong kénh (xem, thi du:
Eric W. Weisstein: CRS Concise Encyclopedia of Mathematics, CRS Press, New
York, 1999, muc Cubic Equation, trang 362-365),
nén thyc chat chung ta ciing chi ¢6 thé tim duoc nghiém gan dung. Hon nita, da sb
cac phuong trinh, thdm chi nhitng phuong trinh rat don gian vé mat hinh thirc
nhung lai xuat phét tir cac bai toan thyc té, thi dy, phuong trinh  x =cosx khong co
cong thie biéu dién nghiém thong qua cac phép toan co ban (cong, trir, nhén, chia,
khai can, liiy thira), néi cach khac, khong giai duoc hodc rat kho giai bang cac phép
bién ddi dai s, nhung c6 thé giai gan dung dén do chinh xac bat ki rat d& dang nho
phép lap x,, =cosx,, nhit 1a trén may tinh dién tr b tii (chi cAn bam lién tiép
mot phim E| ).

Nhitng phuong trinh xudt hién trong cac bai toan thuc té (thi du, khi do

dac,...) noi chung c6 thong tin ddu vao (thé hién trén cac hé sd, trong cong thirc) chi
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12 gin ding (sai sb trong do dac, danh gi4, tinh toan so bd,...). Vi vay viéc tim
nghiém chinh xac cling khong c6 y nghia thuc té 16n, trong khi d6 voi cac phuong
phap giai gin dang phuong trinh, ta thuong c6 cong thire danh gia d6 chinh xac cua
nghiém gan ding va c6 thé tim nghiém dén d6 chinh xac bat ki cho trude, nén
phuong phép giai gan ding phuong trinh c6 y nghia rat quan trong trong giai quyét
céc bai toan thyc té.

Céc phuong phap gidi chinh xac phuong trinh chi mang tinh don 1¢ (cho tung
16p phuong trinh), con cac phuong phép giai gan ding phuong trinh mang tinh pho
dung: mot phuong phép c6 thé dung dé giai cho nhing 16p phuong trinh rat rong,
thi du, chi doi héi ham s6 1a lién tuc chang han, vi vay kha ning (mg dung cta giai

gan dung 1a rat cao.

Giai gan dung phuong trinh lién quan dén nhiéu van dé quan trong khéc cia
toan hoc. Thi du, theo diéu kién can cuc tri (Pinh 1i Fermat), diém x, la diém cuc
tri (dia phuwong) cia ham sd y=F(x) thi no phai 1a diém dung, tic la
¥'(x,)=F"'(x,) =0. Nhu vay, dé tim diém cyc tri, trudc tién ta phai gidi phuong
trinh y'=F'(x):= f(x)=0 dé tim diém ding (diém dugc nghi ngd 1a diém cuc
tri). Trong thuc té dé tim nghiém tdi uu, ta thuong di tim cac diém ding (nghi ngd

1a cuc tri) nho giai gan dung phuong trinh  y'= F'(x) = f(x) =0.

Boi vi mot trong nhitng thé manh ciia may tinh dién tir 1a kha nang lap lai
mot cong viée voi toc do cao, ma giai gin dung phuong trinh thuc chét 13 viée thyc
hién mot day cac budc lap, nén nhd may tinh ma viéc giai gan ding phuong trinh
tré nén don gian, nhanh chéng va thuan tién. Khong nhitng thé, may tinh con cho
phép, thong qua 1ap trinh, md phong qua trinh thyuc hién budce lap gidi phuong trinh,
bdi vay no 1a cong cu tot tro giup hoc sinh va sinh vién tiép thu cac kién thirc toan
hoc néi chung, cac phuong phép gidi gan dung phuong trinh néi riéng. Do d6 thuc
hanh giai gan ding trén may tinh dién tir c6 mot y nghia nhét dinh trong giang day

va hoc tap bd mon toan trong cac trudng phd théng va dai hoc.

Trong chuong nay, dé giai gan ding phuong trinh, ching ta ludn gia thiét

rang, f(x) 1a mot ham xéac dinh va lién tuc trén mot doan niao d6 cua dudng thing



thue. Nhiéu khi diéu kién nay di 1a du dé xay dung phuong phap giai gan ding.
Trong mét sé phuwong phap, ta s& gia thiét ring f(x) kha vi dén cip can thiét (c6
dao ham cép mot hoac c6 dao ham cép hai).

Néu f(x)=0 thi diém X duoc goi 1a nghiém hoic khéng diém cua
phuong trinh f(x) =0. Ta ciing gia thiét rang cac nghiém 1a c6 1ap, tic 13 ton tai
mot 1an can cua diém ¥ khong chtra cac nghiém khac ctia phuong trinh. Khoang

lan céan (chtra x ) nay dugc goi 1a khodng cach li ctia nghiém Xx .

Cic budc gidi gan ding phwong trinh
Giai gan ding phuong trinh £ (x) =0 duoc tién hanh theo hai budc:

Budc 1. Tim khodng chira nghiém

Mot phuong trinh néi chung c6 nhiéu nghiém. Ta can tim khoang chua
nghiém, tc 13 khoang (a,b) trong d6 phwong trinh c6 nghiém (c6 duy nhét
nghiém), bang mot trong cac tiéu chuén sau.
Pinh li 1 (Bolzano-Cauchy) Néu ham f(x) lién tuc trén doan [a,b] va thoa man
diéu kién f(a)f(b)<O0 thi phuong trinh f(x)=0 c¢6 it nhdt mét nghiém trong
khodang (a,b).

Y nghia hinh hoc ctuia Pinh li nay kha r6 rang: Do thi cia mdt ham sd lién tuc
13 mot duong cong lién tuc (lién nét), khi chuyén tir diém A(a, f(a)) sang diém
B(b, (b)) nam ¢ hai phia khac nhau cta truc hoanh, dudng cong nay phai cit truc

hoanh tai it nhdt mot diém (c6 thé tai nhiéu diém).
Thi dy, ham s§ y= f(x)=x"—3x—1 c6 f(-2)=-3; f(-1)=1;£(0)=~1 va

f(2)=1 nén phuong trinh x’ —3x—1=0 c6 ba nghiém phan biét trong cac
khoang (-3,-1); (—1,0) va (0,2).
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Pinh li 2 (Hé qua cta Pinh 1i 1) Gid sir  f(x) la mdt ham lién tuc va don diéu
chat trén dogn [a,b)- Khi ay néu f(a)f(b)<O0 thi phwong trinh f(x)=0 c6 duy
nhdt mét nghiém trong khodng (a,b) .

Y nghia hinh hoc cua DPinh Ii nay la: Do thi cia mot ham sb lién tuc tang
chat (giam chat) 1a mot dudng cong lién tuc (lién nét) ludn di 1én (di xubng). Khi di
chuyén tir diém A(a, f(a)) sang diém B(b, (b)) nam & hai phia khac nhau cia

truc hoanh thi dd thi phai cit va chi cit truc hoanh mét 1an (Hinh v¢).
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Hai dinh li trén chi doi hoi tinh lién tuc ma khong doi hoi tinh kha vi (tén tai

dao ham) cua f(x). Néu f(x) c6 dao ham thi c6 thé dung tiéu chuan dudi déy.



Pinh li 3 (H¢ qua ctia Dinh li 2) Gid sir ham s6 f(x) ¢6 dao ham f'(x) va dao
ham f'(x) ciia né khéng déi dau (luén dwong hodc luén dm) trén doan [a,b]-
Khi dy néu f(a)f(b)<0 thi phuong trinh f(x)=0 cé duy nhit mét nghiém
trong khoang (a,b) .

Tir ba dinh 1i trén, ta di dén hai phwong phap tim khoang cach li nghiém cta
phuong trinh f(x) =0 (khoang chira duy nhat mot nghiém): phuong phap hinh hoc
va phuong phap giai tich.

Phuwong phap giai tich

Gia st ta phai tim nghiém cta phuong trinh f(x) =0 trong khoang (a,b).
Ta di tinh gia trj f(a), f(b) va céc gia tri f(x;) cia ham s tai mot s6 diem
x, €(a,b), i=1,2,...,n. Néuham f(x) don diéu chit trén khoang (xl.,xl.ﬂ) va

diéu kién f(x,)f(x,,)<0 dugc théa min thi (xl.,x.

’ +1) la mot khoang cach li
nghiém cua phuong trinh f(x)=0. Néu thong tin vé ham f(x) qud it thi ta
thudng dung quy trinh chia doan thang (chia khoang (a,b) thanh 2, 4, 8,...phan) va
thtr diéu kién f(x,) f(x,,,) <0 dé tim khoang cach li nghi¢m.

+
Mot da thirc bac n ¢6 khong qua n nghi€ém. Vi vay phuong trinh da thure co
khong qua » khoang cach li nghiém.
Khi ham f(x) du tot (c6 dao ham, c6 dang cu thé,...), ta c6 thé khao sat d6
thi dé chia truc s thanh cac khoang d6i ddu ctia dao ham (khoang ddng bién va

nghich bién cta ham sd) va xac dinh khoang cach li nghiém.

Phwong phap hinh hgc

Trong trudng hop dd thi ham s twong ddi dé v, ta co thé vé phac dd thi dé
tim khoang cach li nghiém hodc gia tri tho ctia nghiém nhu 13 giao diém (gan dung)
ctia dd thi voi truc hoanh. Ciing c6 thé dung cac may tinh dd hoa (may tinh c6 kha

nang vé& hinh nhu Casio Algebra fx-2.0 Plus hodc Sharp EL-9650) hoic cac phan



mém tinh toan (Maple, Matlab,...) dé v& d6 thi. Sau d6, nhd tinh toan, ta “tinh

chinh” dé di dén khoang cach li nghiém chinh xé4c hon.

Buwéc 2. Gii gin ding phwong trinh

C6 bdén phuong phap co ban giai gan dung phuong trinh: phuong phap chia
d6i, phwong phap 1ap, phuong phap diy cung va phuong phép tiép tuyén (phuong
phap Newton-Raphson). Nham lam co s& li thuyét cho cac tinh toan trong D3,
trong P2 chiing t6i s& van tit trinh bay nodi dung cia cic phuong phap nay, chu yéu

1a dya vao cac gido trinh Gidi tich so [1] - [6].

p2. CAC PHUONG PHAP TIM NGHIEM GAN PUNG CUA
PHUONG TRINH f(x)=0

1. Phuong phap chia doi
Noi dung cta phuong phap chia dbi rat don gian: Gia st f(x) 1a mot ham
lién tuc trén doan [a,b] va f(a)f(b)<0. Khi iy theo Pinh 1i Bolzano-Cauchy,

phuong trinh £(x) =0 c6 it nhat mot nghiém trong khoang (a,b).
+b
Chia d6i doan [a,b] vatinh f (aT)

a+b
2

a+

Zb);tO thi f(a)f(

Néu £(AED) 20 i x = 9FD

la mot nghiém cua phuong trinh f(x)=0.

a;b)<0 hodc f(a;b

Néu f( )f(b) <0 nén phuong

a+b) hoiic (a+b,
2 2

b).

trinh c6 it nhit mot nghiém trong khoang (a,
Goi khoang méi (khoang nhd) chira nghiém 1a (a,,b,).
a, +b

Lai chia d6i khoang (a,,b,) va tinh gia tri tai diém gitta x =

Tiép tuc mii qué trinh nay ta di dén:



+ +
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Hoac tai budc thit 7 nao dd ta cd f(

nghiém, hoic ta duoc mot diy cac doan thing 16ng nhau [a,,b,] co cac tinh chét:
a<a <a,<..<q <..<..<b <..<bh<bh,

b—a

f(a,)f(b,)<0 v b, ~a, =",

Su hoi tu ctia phuwong phap chia doi
Dy {a,} la ddy don di¢u tang, bi chdn trén boi b, ddy {b, } 1a don di¢u
giam va bi chan dudi béi a nén ca hai day déu co gidi han.

b—

L nén lim(b, —a,)=0 hay lima, =limb, =%.

n—0 n—0 n—»0

Do b,—a,=

Do tinh lién tuc ctia ham sé y = f(x), lay gi6i han trong biéu thirc
£(a)f(b,)<0 aduge () =lim £(a,).f(b,)<0.

n—»0
Suyra f(X)=0 hay x 1a mot nghiém cua phuong trinh f(x) =0 trong khoang
(a,b).
Panh gia sai s6

b—a
2)1

Taibudctht n tacd a,<x<b, vab,—a,=

b-a

n b

Néu chon nghiém gan ding la X=a, thi ‘)_c — x‘ <b —a,=

—da
on

b

Néu chon nghiém gan ding 1a X =5, thi ‘)E — )_c‘ <b —a,=

a +b

n n

Néu chon nghiém gin dung la X = thi ta c6 danh gia:

. 4 _b - b—
‘x_x‘g nzan: 2n+la

10



a,+b

n

Nhu viy, sau budc thit 7, nén chon nghiém gan ding la Xx=c, = , ta s€

duogc nghiém chinh xac hon.

a,+b,

b,—a, b-a

< ”2 =S . Do d6 v&i mdi >0

Néu chon X, =

thi X - %,

cho trudc (d0 chinh xac €>0 cho trudc) ta cod ‘)_c—fcn‘<5 vél moi

o
n>log, .
&

Neéu tai mdi bude n ta déu chon X, =

a +b

n n

thi ta cling co

b—a b—a<b—a.

< +2 + +1 =
2" 2" 2"

<|(x,., - X) +(F -x,)

xn+1 - xn
Do d6 khi tinh todn (trén mdy tinh bo tdi véi man hinh hién thi dugc 10 chir sd
chang han), ta c¢6 thé dung tinh toan khi X, =X,=x,,=... ding dén s thap
phan can thiét (thi du, ta c6 thé dimg tinh toan khi dugc nghiém chinh xac dén 10
chit s6, tirc 13 £ =107"°).
2. Phuong phap lap

Gia st (a,b) la khoang cach li nghiém ctia phuong trinh f(x)=0. Giai
phuong trinh f(x) =0 bang phuong phap ldp gdm cac budc sau:
Buéc 1. Pua phuong trinh f(x) =0 vé phwong trinh trong duong x = g(x).
Buéc 2. Chon x, € (a,b) lam nghiém gan ding dau tién.
Buéc 3. Thay x =x, vao vé phai ciia phuong trinh  x = g(x) ta dugc nghiém gan
dtng thtr nhat x, = g(x,). Lai thay x, =g(x,) vao vé phai cua phuong trinh
x = g(x) ta dwoc nghiém gan dung thir hai x, = g(x,). Lip lai qua trinh trén, ta

nhan dugc day cac nghi¢m gén ding

x=8(x), x,=g(x) , x;=2(x,), x, =g(x3) 0.0, x, =g(x, ), ...

11



Néu diy cic nghiém gin ding {xn}, n=1,2,..hoi tu, nghia 13 ton tai

limx =X thi (v6i gid thiét ham g(x) 1a lién tyc trén doan [a,b]) ta co:

n—
Xx=Ilmx =limg(x,,)=g(limx,)=g(x).
n— n— n—
Chung t6 X 1a nghiém dung cta phuong trinh x = g(x) (diém bat dong ctia anh
xa g)hay X langhiém dang ctia phuong trinh f(x)=0.
Tinh hdi tu

C6 nhiéu phuong trinh dang x=g(x) tuong dwong véi phwong trinh
f(x)=0. Phai chon ham s6 g(x) sao cho diy {xn} xdy dung theo phuong phap
1ap 1a day hoi tu va héi tu nhanh té1 nghiém. Ta c6 ti€u chuan sau.

Pinh ly 4. Gia st x la nghiém ctia phuong trinh f(x)=0 va phuong trinh
x = g(x) twong duong véi phuong trinh f(x) =0 trén doan [a,b]. Néu g(x) va
g'(x) 1a nhimg ham sd lién tuc trén [a,b] sao cho ‘g'(x)‘ <g<l Vxe [a,b] thi
tr moi vi tri ban dau X, €(a,b) day {xn} xdy dung theo phuong phap lap
x, =g(x, ) s&hoi tu t6i nghiém duy nhit X trong khoang (a,b) cia phuong
trinh f(x)=0.

Chirng minh.

Gia st x, € (a,b) bat ky. Vi X 1a nghiém cta phuong trinh f(x)=0 trong
khoang (a,b) nén ta c6 Xx=g(x). Mat khiac vi x,=g(x,) nén
x —x=g(x)—g(x).

Theo dinh ly Lagrange ton tai mot diém c € (xo,)_c ) sao cho
X =X =g(x) —g(¥)=g'(c)(x, —X).
Suy ra
‘xl —)_c‘ :‘g'(c)(x0 —)_c)‘ Sq‘xo —)_c‘ <‘x0 —)_c‘.
Chung té x, € (a,b).
Tuong tu ta co:

12



b

‘xz —x‘ Sq‘xl —X|;|%; —x‘ < q‘x2 —X X, —x‘ Sq‘xn_l — X/ ;...

gesey

T c4c bat dang thic trén ta suy ranéu x, € (a,b) thi x, €(a,b) véimoi n va

x, —X|<ql|x,, —¥|<¢*|x,, - X|<...<q"|x, — X|.

Do ¢ <1 nén khi n—> 00 vé phai tién t6i 0. Ching t6 day {x, } hoi tu téi x .
Panh gia sai so

Dé danh gia sai s6 cia nghiém gan ding X, (nhan duoc bang phuong phap
lap) va nghiém chinh xac X ctia phuong trinh f(x) =0 tai budc thr 7 ta xét hiéu
‘xn -X ‘ :
Tt ching minh trén ta co:

‘xn —)_c‘ < q‘xn_1 —)_c‘ = q‘xn_1 —-X,+X, —)_c‘ < q‘xn_1 —xn‘ +q‘xn —)_c‘
Vay
(1-q)lx, —X[<q|x,, —x,|

hay

x—)_cSLx —-X
|, = |

l_q n—1 n

Mit khéc, ap dung cong thirc sd gia hitu han (cong thirc Lagrange) ta co:
X, =X, = 8(x, ) —g(x, ) =g'(c,) (¥, —x,,)
trong do
¢, €(X,1,X,)

Suy ra

xn—l - xn—Z‘ < q

‘xn - 'xn—l = ‘g '(cn) ‘xn—l - 'xn—Z

Tu bét dﬁng thue trén, cho n=2,3,4,... ta duoc:

13



‘x2—x1‘ﬁq‘xl—xo‘
‘x —x‘< ‘x —x‘< 2‘x —x‘
3 2| =4q1X% 1=9 |5 0

lx

n

~x,.[<q"|x, _xo‘.

Thay véo bat dang thic

ta duoc:

n

Cong thuc trén cho thay phuong phap lap hoi tu cang nhanh néu ¢ cang bé.

Tir cong thic trén ta ciing suy ra rang, dé dat dugc d6 xap xi € (nghiém gan ding

sai khac nghiém dung khong qua ¢, [x, —Xx ‘ < &), taphai lam N(&) budce, trong do

.
o
X, — X,
N(g)> 1 ol
lgg
Tt cong thuc |x, —x, || < q"" ‘xl —xo‘ ta c6 két luan: néu diy {xn} hoi tu

thi khi 7 di 16n hai nghiém gan dang X, va x,_, xap xi bang nhau. Vi vay khi st

dung mdy tinh ta thudng ding qua trinh lap khi cac két qua lién tiép X, 1, X

ne

K1+

thiét).

. dat d6 xap xi yéu cau (tring nhau t6i sb chit s6 thap phan sau dau phay can

Nhin xét. Vi ta da coi (a,b) la khoang cach li nghiém (chira nghiém X) cua
phuong trinh f(x) =0 nén trong Dinh 1y 4 ta d4 gia thiét sy t6n tai nghiém ¥ . Hon

nita, ta d3 doi hoi g(x) phai 1a mot ham kha vi. Dudi day la mot phién ban cia

14



Dinh 1y 4 (khong doi héi trude ton tai nghiém ciia phuong trinh £ (x) =0 va chi doi

héi g(x)la mot ham lién tuc Lipschitz).

Pinh Iy 5. Gia stt g(x) 12 ham s x4c dinh trén khoang [a;b] sao cho:
i) ‘g(x) — g(y)‘ < q‘x — y‘ Vx,y € [a;b] (g(x) 1a Lipschitz trén [a;b]).
ii) Ton tai mot s6 « € [a;b] sao cho ‘g(a) — a‘ <(1-g)b—-a).

Khi 4y v6i mdi X, € [a;b] , day {xn} xdy dung theo phuong phap lap x, = g(x, ;)
s& hoi tu toi diém bat dong (trc 14 ¥ = g(¥)) duy nhat X trong khoang (a,b) cua

anhxa g.

3. Phuong phap day cung
Gia st (a,b) la khoang cach li nghiém. Ta thay cung cta dudng cong
y = f(x) trén doan [a,b] bing day truong cung ay va coi giao diém cua day cung

(duong thang) vai truc hoanh 1 nghiém xap xi cia phuong trinh f(x)=0.

Dé xay dung diy xap xi X, , ta x¢t hai truong hop:

f(b)
Trwong hop 1. f'(x).f"(x)>0. %
3 X
Dé xéc dinh, ta coi f(a)<0, f(b)>0, va )I/X b
f(a

f'(x)>0, f"(x) >0 (Hinh 1).

Day cung AB 1a duong thang nbi hai diém Hinh 1

‘ e v f@) _x-a
A(a, f(a))va B(b, f (b)) c6 phuong trinh O —f@ boa

Hoanh d¢ giao diém x, cua duong thang AB véi truc hoanh chinh 13 nghiém cia
phuong trinh trén khi cho y =0.

L S@  _xma o @60
fB)-f@ b-a /B~ /()

Nghiém X bay gi& ndm trong khoang (x,,b)(xem Hinh 1).
15
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_ S ()b —x))

Thay khoang (a,b) bang khoang (x,,b), ta di dén nghiém x, = x,

fB)=fx)

Tiép tuc qua trinh trén, ta di dén ddy nghiém xap xi:
¢y SO
f(®)=f(x,)

Cong thirc trén van ding trong trudng hop f(a)
f(@)>0, f(£)<0, '(x) <0, f"(x) <0. \
Trwong hop 2. f'(x).f"(x)<O0. b)
Dé x4c dinh, coi
f(a)>0, f(b)<0, f'(x)<0, f"(x) >0 (Hinh 2). Hinh 2
Day cung AB 1a duong thang ndi hai diém A(a, f(a))va

: o y=fb) _x-b
B(b, f (b)) c6 phuong trinh ) —f(@ =,

Hoanh d6 giao diém X, cua duong thang AB véi truc hoanh chinh 1a nghiém cia
phuong trinh trén khi cho y =0.

O)_xi=b oy, JOXo-a)
f®)-f(@) b-a )~ /(@)

Suy ra

Nghiém X bay gid nam trong khoang (a,x,).
Thay (a,b) bang khoang (a,x,), ta di dén nghi¢m xap xi

—x— S (x)(x —a) .
L) - f(a)

2

Tiép tuc qua trinh trén, ta di dén diy nghiém xép xi

SO,

Xpt1 n :
' fx) = f(a)

Cong thirc trén van dung trong trudng hop

f(a)<0, f(b)>0, f'(x)>0, f"(x)<0 .

16



Ta c6 thé tong két thanh mot cong thire nhu sau:

INVACH CA)

xn+1 n f(xn)—f(d) D
trong do d=b néu f(b).f"(x)>0, x,=a;
d=a néu f(a).f"(x)>0, x,=b.

Tinh héi tu
Diy xép xi lién tiép 1a mot ddy tang, bi chan trén (trudng hop 1):

a=xy<x <..<x,<x,,<..<Xx<b

n+l
hodc 1a day giam , bi chan dudi (truong hop 2):
b=x,>x>..>x,>x ,..>X>a
nén hoi ty. Hon nita, chuyén qua giéi han trong cong thirc

_ S, —d) fE®E-d)

=X taduoc x=x-—

KXt n - ’

T f@) - f(@) f®-f(d)
Suy ra f(X)=0 hay X la nghiém cta phuong trinh f(x)=0 trong khoang
(a,b).

Panh gia sai s6
Gia st f'(x) khong déi ddu trén (a,b) va O0<m<|f'(x)| <M <+ v6i moi

x€(a,b).

Ta c6 cac cong thuc danh gia sai sO sau day:

(x,) sl< M-
%, ‘xn_x‘g mm‘xn_xn—l"

‘xn—x‘s

Chirng minh.
Ap dung Dinh 1i gi tri trung binh Lagrange (cong thic s6 gia hiru han), ta c6

f(x)—=f(X)=f(c)x, —X)
voi ce(x,,x) = (a,b).
Vi f(X)=0va 0<m<|f'(x) nén
f(x,) = f )| =|f(e)x, —%)|2m|x, —X|.

17



el

Suy ra ‘xn —)?‘ <
m

Nhu vy, dé danh gia do chinh xac cua nghiém nhan duoc bang phuong phap diy

cung, ta c6 thé st dung cong thirc

‘f(xn‘ - max{‘f(x) , X e[a,b]}

m m

xn—x‘ﬁ

Ngoai ra, néu biét hai gia tri gan dung lién tiép, ta c6 thé danh gia sai sé nhu sau.
Tt trén (chimg minh sy hoi tu cia phuong phéap day cung) ta co:
_ f(xn—l )(xn—l — d)
n— “n-1 :
S, )= f(d)

S(x,)—f(d)
x _,—d

Suyra —f(x,,)= (x,—x,,)-

Vi X la nghiém dung cua phuong trinh £(x) =0 nén ta c6 thé viét:

S (x,)—f(d)
x . —d

S =f(x, )=

(‘xn B xn—l) :

Ap dung Pinh 1i gi4 tri trung binh Lagrange, ta c6

FUe)FE =x,)=F(x) = f(x,,)
va

J(e)x,, —d)=f(x,)— f(d),

trong d6 ¢, namgilta X va x,_,, ¢, namgilta x,_, va d.

Suy ra
FE =3, = F0) = £, ) = LD (-
-1 ((Cizi’“"_-;) D, 2, = F1e)x,~x,0).
Viy
FUEE =, 4%, =%, )= 1), ~%,)
hay
FUe)E—x) =Lf ()~ (e, —x, )
va

18



_ ‘f'(cz)_f'(cﬂ‘
FAE)

n n—l1|*

‘ n

Theo gia thiét ta co:
‘f'(cz)_f'(Q)‘ < ‘M—m‘
Do do

M—-—m
m

‘)_c—xn

Nhu vay, ta c6 hai cong thirc danh gia sai s6

‘f(xn) < max{‘f(x) , X e[a,b]}
m

m

‘xn—)_c‘ﬁ

4. Phuong phap tiép tuyén (Phwong phiap Newton-Raphson)

Gia str (a,b) la khoang cach li nghiém. Ta thay cung ctia duwong cong
y = f(x) trén doan [a,b] bang tiép tuyén tai diém A(a, f(a)) hodc diém

B(b, f (b)) va coi giao diém cua tiép tuyén véi truc hoanh 1a nghiém x4p xi cua

phuong trinh f(x)=0. A f(b)
Dé xay dung diy xdp xi x, , ta xét hai trudng hop: .
x Xip
Trwong hop 1. f'(x).f"(x)>0. I/
fla)

Dé x4c dinh, ta coi

f(a)<0, f(b)>0, f'(x)>0, f"(x)>0 (Hinh 3). Hinh 3
Phuong trinh tiép tuyén voi dudng cong y = f(x) tai diém B(b, f (b)) cé dang:
y—f(b)=f'(b)(x—Db). Hoanh d¢ giao diém x, clia tiép tuyén véi truc hoanh

chinh la nghiém ctia phuong trinh trén khi cho y=0.

Suyra 0— f(b)= f'(b)(x—Db) hay x, =D —&. Nghiém ¥ bay gio ndm trong

1)
khoang (a,x,)(xem Hinh 3). Thay khoang (a,b) bing khoang (a,x,), ta di dén
nghiém xap xi x, =x, — f('xl) : f
’ , P> :x b
Tiép tuc qua trinh trén, ta di dén day N
19



nghiém xap xi: x,,, =x, — M
/'(x,)
Cong thirc trén van dung trong trudng hop Hinh 4
f(a)>0, f(b)<0, f'(x)<0, f"(x) <0 (Hinh 4).
Truwong hop 2. f'(x).f"(x) < 0. Dé xac dinh, coi
f(a)<0, f(b)>0, f'(x)>0, f"(x) <0 (Hinh 5).
Phuong trinh tiép tuyén tai diém A(a, f(a)) c6 dang:

b)

y=fla)=fa)x~-a). .
Hoanh d9 giao diém x, cla tiép tuyén X ’

f(a
voi truc hoanh chinh 1a nghiém cua @
phuong trinh trén khi cho y =0. Hinh 5
Suyra 0— f(a)= f'(a)(x—a) hay x, =a— f'(a) :

AG)
Nghiém X biy gi& ndm trong khoang (x,,b) (xem hinh 5).
Thay khoang (a,b) bang khoang (x,,b), ta di dén nghiém x, = x, — ]{ '((xl)).
X

Tiép tuc qua trinh trén, ta di dén diy nghiém xap xi:

Xnt1 =Xy — M :
J'(x)
Cong thire trén van ding trong trudng hop
f(a)>0, f(b)<0, f'(x)<0, f"(x)>0.
Tinh hoi tu
Diy cac xap xi lién tiép 1a mot diy don diéu giam va bi chian dudi (trudng
hop 1) hodc don diéu ting va bi chan trén (trudng hop 2) nén ton tai gidi han

limx = %.DE thiy rang ¥ 1a nghi¢m cua phuong trinh f(x)=0.

n—»0
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That vay, chuyén qua giéi han trong biéu thic X, =X, : ta co:
1)
X=X —% .Suyra f(x)=0. Do (a,b) la khoang cach li nghiém nén X=X
X

chinh 14 nghiém ban dau.
Panh gia sai so0

Gia st 0<my <|f'(x)| va | f"(x)| < M.

,xe[a,b]} .
v

Khi ay ta c6 danh gia sai so:
M
a|x —x‘é—

£ G| max{lf ()

m, m 2m,

‘xn—x‘s

Chirng minh. Ap dung Dinh li gia tri trung binh Lagrange (cong thirc s6 gia hiru
han), ta co
f(x,)=f(x)=f'()x, —X)
voi ce(x,,x) c(a,b).
Vi f(X)=0 va 0<m<|f'(x)| nén
|/ (x,) = f@) =[S ()x, =%)| Zm|x, —%|.

Suy ra ‘xn —)?‘ <
m

Duing khai trién Taylor ciia f(x) tai x,

1 "
S ) = S () + 70600, = X,0) + 2 /M), = X,1)"s
trong d6 ¢ nam gitra x, va x,_,.

ACH)
S'(x,0)

Thay vao dang thirc trén ta duoc:

Do x,=x,,

nén f(x,.)+ £'06,,)(x, ~x,,) =0.

)| = %f"(c)(xn —x, 2
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e )
ur cong thirc trén va cong thirc ‘xn—x‘ﬁ— ta suy ra
m

Nhu vay, téc d6 hoi tu cua phuong phap tiép tuyén 13 bac hai.

p3. TIM NGHIEM GAN PUNG CUA PHUONG TRINH
f(x)=0 TREN MAY TiNH PIEN TU

Nhu ta thiy trong D2, ca bon phuong phap giai gan dung phuong trinh
f(x)=0 trong khoang céach li nghiém (a,b) déu din toi thyc hién mot day lap
x,,; =@(x,) vaday lap nay hoi ty t6i nghiém (duy nhat ) X cia phuong trinh trong

khoang (a,b).

Do di duoc thiét ké sin cho phép thuc hién cac thao tac tinh toan lién tiép,
viéc thyc hién day 1ap trén cac may tinh dién to khoa hoc (Casio fx-500 MS, Casio
fx-570 MS, Sharp 506 WM, Casio fx-500 ES, Casio fx-570 ES) la kha don gian va
thudn tién. Trong P nay, chung t6i trinh bay cach st dung cac loai may nay cho
muc dich giai gin ding phwong trinh theo cac phwong phap d trinh bay ¢ muc trén.
Thuc hanh giai gan dung phwong trinh trén may tinh dién tir khoa hoc cho phép cam
nhan rd hon cac van dé cua giai tich $6 (su hoi tu, tdc dd hoi tu, .. .) cua tung phuong
phap.

Pé tién trinh bay, chung t6i chon may tinh dién tir khoa hoc Casio 570 ES, 1a
loai may c6 nhiéu wu diém trong céc tinh ning giai todn va duoc st dung twong ddi

pho bién hién nay trong cac trudng pho thong va dai hoc.

May tinh dién tir khoa hoc Casio 570 ES c¢6 mot s6 phim rat tién dung trong
tinh toan. N6 duoc thiét ké dé c6 thé tinh toan dai s (tinh toan theo cong thuc) két
hop véi nhitng 6 nhd (9 6 nhd). Thiét ké nay dic biét thich hop cho thyc hién diy

1ap, do d6 dac biét thuan tién cho viéc giai gén ding phuong trinh.
Bai 1. Giai phuong trinh dai s6 bac cao x’ +x—10=0.

22



Pay tuy chi 1a mdt phuong trinh da thtrc, tuy nhién bac cua ndé khé cao nén
kho co thé giai duoc bang cac ki thuat cia dai sé (dit an phu, nhém sb hang,...) dé

dua vé phuong trinh béc thdp hon.
Pit y=f(x)=x"+x-10.

Do y'= 9x® +1>0 véi moi x nén ham sb ddng bién trén toan truc so. Ta dé dang
tinh duoc f(1)=-8 va f(2)=504>0. Do d6, phuong trinh x” +x—-10=0 ¢o
duy nhat mot nghiém trong khoang (1;2). Dé so sanh, ta s& tim nghiém gan dung
ctia phuong trinh nay theo ca bon phuong phap da trinh bay trong D2.

Phuwong phap chia dé6i khoang chira nghiém

Pua gia tri x =1 vao 6 nhd : 1|SHIFT
Pua gia tri x =2 vao 6 nho : 2 |SHIFT|
Chu y: Tu nay vé sau, dé cho tién, céc phim s6 duge viét nhu 1a cac sb, con cac
phim chit trén man hinh dugc dé trong cac 6 vudng. Thi du, phim sb 2 ta van viét 1a

s6 2, con phim 6 A ta viét 1a [4].

b 1+2 3
a; :%:Evéduavéoénhér

[ALPHA] [4] [+] [ALPHA] [B] =] []2[=] [SHIFT] [sTO] [C]

Khai béo cong thie f(x)=x" +x—10:

[arPHA] [x] [x"]9[] [+] [ALPHA] [X] 5] 10 (3.1)

bé tinh gia tri cua biéu thtrc tai mot diém nao do ta bAm phim (Calculate-

tinh):

May hoi (hién trén man hinh): X ?

3 .
Khai bao ¢ =5 (dang & trong 0 ): E(%)

Tinh c=

Chi y: Tir nay vé sau, dé tién trong trinh bay, ta ghi ngay déap sé ciia két qua tinh

toan hién thi trén man hinh sau phim E va dé ¢ trong ngodc. Thi du, sau khi khai
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bado cong thuac (3.1) va bam phim , may hoi X ?, ta khai bao
(tirc 12 gia tri ciia d6i s6 x cén tim gid tri ciia ham s f(x)=x" +x—10 chinh

bang gia trj trong & ). Sau khi bAm phim E , may hién ngay trén man hinh dap

56 13331 f( )—15331V2‘1ta tE(15331
512
N . 15331 L A
Nhu vay, tacd f(1)=—8<0 va f ( )——2 0. Chirng to6 nghiém cua phuong

. 3. .
trinh nam trong khoang (a,,b,) =(a,c) = (1;5) . O duogc giai phong (gia tri cii

x =2 trong 6 nhd [B] khong can dung nita).

+ b.

Chii y: Vi tai mdi budce i ta chi can nhé ba gié tri a,, b, hoic ¢, =——= nén ta
cling chi can sir dung ba 6 nhé [4], [B], la du.

A . 3 . a+b 5
Lai chia d6i khoang (a,,b,)=(a,c) =(1;§) va gii ¢, =——+===1,25 vao 6

(vtra duogc giai phong):
[ALPHA] [4] [+] [aLPHA] [C][=] [+] 2[=] [sHIFT] [sTO][B]

St dung phim [A] dé di vé& dong cong thuc (3.1) va dung phim dé tinh gia
tri cua ham sb tai ¢ =1,25:

Bam phim (Calculate-tinh):

May héi: X?

+b 5 :
Khai bio ¢, = % = =1.25 (da duge tinh vi hru & trong 6 [B]):

[B][=](—1.299419403)

Nhu vay, taco f(c,) = f( ) =—1,299419403 va f(b)=f(= )_15331

512
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Chu y: Dé tién trinh bay, ta thuong viét ddu bang = thay cho ddu gan ding ~, thi

5 .
du f (Z)=—1,299419403, mic du chinh xdc hon, phai viét la:

5 . .
f (Z) ~—1,299419403 (chinh xac dén 10 chir s6).
Chung té nghiém ctia phuong trinh nam trong khoang

53 .
(a,,b,) =(c;,b) = (Z,E) . O nh¢ |4] dugc giai phong (gia tri cti a =1 trong 6 nhé
khong can dung nita).
: : . , 53 , . .
Lai chia d6i  khoang (ay,b,)=(c,,b) = (Z,E) , tinh va gui

53

7+7
a,+b, 4 o 11 R
= = =—=1,375 vao 0 |4]:
2 2 8

[ALPHA] [B] [+] [ALPHA] [C][=] [-]2[=] [sHIFT] [STO][4]

Str dung phim [A] dé di v& dong cong thirc (3.1) va dung phim dé tinh gia

G

tri cua ham sb tai c, = %1 =1,375:

Bam phim (Calculate-tinh):
May hoi: X2

11 .
Khai béo ¢, = ry =1,375 (d3 duoc tinh va luu trong 6 [4]):

=](8.943079315)

Nhe  vdy, ta  ¢b fle,)= f(%l) =8,943079315> 0 va

f(ay)=f(c)= f(%) =-1,299419403 < 0. Ching t6 nghiém cta phuong trinh

. 511, 4
nam trong khoang (a;,b,) =(a,,c,) = (Z’g) O nhé duoc giai phong (gia tri

3 .
cu b, = 5 trong 0 nhd |B| khong can dung nira).
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11
Lai chia doi khoang (ay,by) =(a,,c,) = (%,g) va gui

5 11

7+7
=“3;’b3 =48 :12—61=1,3125 vao d [B]:

[ALPHA] [4] [+] [ALPHA] [] =] [+]2[=] [SHIFT] [sTO] [3]

Str dung phim @ dé di vé dong cong thire (3.1) va dung phim dé tinh gia

G

tri cua ham sb tai Cy = E =1,3125:

Bam phim (Calculate-tinh):

May hoi: X?
L 21 < o p
Khai béo ¢, = T =1,3125 (da dugc tinh va luu trong 6 |B)):

=](2.870795905)

Nhw vay, ta co fl))=f (12_61) =2,870795905 >0 va
f(ay)=f(c)= f(%) =—-1,299419403 < 0. Chung t6 nghiém cta phuong trinh

y : 5210 ~ e .
nam trong khoang (a,,b,) =(c,,c;) = (Z’E) O nhé duogc giai phong (gia tri

11 N
cic= g trong 0 nhd khong can dung nira).

Lai chia doi khoang (a,,by)=(c),c;) = (%,12—61) va gui
5,21
¢, = “4;]’4 =4 216 =4—;:1,28125 vio é [C]:

[ALPHA] [4] [+] [ALPHA] [B] [] [] 2[=] [SHIFT] [STO] [C]
St dung phim [A] dé di vé& dong cong thuc (3.1) va dung phim dé tinh gia
tri clia ham s6 tai ¢, = % =1,28125:
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Bim phim (Calculate-tinh):
May hoi: X?

Khai bao ¢, = % =1,28125 (d duoc tinh va luu trong 6 ):

[=](0.5860042121)

Nhu vay, ta co fle)=f (%) =0,586004212 >0 va

f(a,))=f(c)= f(%) =—-1,299419403 < 0. Ching t6 nghiém cua phuong trinh

5 41

nam trong khodng (as,bs)=(c,,c,)= (1,3—2) O nho dugc giai phong (gia tri

cii ¢ :12_61 trong 6 nhd khong can dung nita).

Tiép tuc qua trinh ndy, ta di dén bang sau, trong d6 mdi dong cho ta cac gi tri c,
f(c,) vagiatri f(a,) hoic f(b,) di tinh dugc & dong trén, trai ddu véi f(c,).
Vi céc gia tri f(a,) hodgc f(b,) dd dugc tinh dén 10 chit s6 & dong trén, va chi
can dau cua ching, nén dé tiét kiém chd, ta chi viét gia tri khac 0 dau tién cua nd
sau ddu phay. Mit khac, nhin vao mdi dong, ta ciing biét 6 ndo (khong cd) duogc giai

phong, nhudong cho dé dua gia tri méi cua ¢, vao.

¢, trong 0 f(c,) f(a,) /(b,) Khoang
a=1; b=2 -8 504 (a;b)
c=15 2994335937 -8 (a;c)

¢, =1,25 -1,299419403 29,9[C] (¢5¢)

¢, =1,375 8,043079315  -1,2[B] (¢3¢,)
¢; =1,3125 2,870795905  -1,2[B] (¢3¢)
¢, =1,28125 0,5860042121  -1,2[B] (¢3¢,
cs =1,265625 -0,402449001 0,5 (c53¢4)
co =1,2734375 0,079843683 -0,4[C] (¢53¢)
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¢, =1,26953125

¢, =1,271484375

¢, =1,272460938
¢ =1,271972656

¢, =1,272216797

¢, =1,272094127
¢, =1,272155762
¢, =1,272186279
¢ =1,272171021
¢ =1,272163391
¢, =1,272167206
¢ =1,272169113
¢ =1,272170067
ey =1,27216959

¢, =1,272169828
¢y, =1,272169948
¢,3 =1,272170007
Cyy =1,272169977
Cys =1,272169963
s =1,27216997

¢,y =1,272169974
ey =1,272169976

¢y =1,272169977

[a] ]

kA & [ B & K Q] & [ & & &R R A &R Q] &R

—0,164222375

-0,042927154

0,018272819
—0,012373404
0,0029381332
—0,00472052697
—0,00089191976
0,0010229262
0,0000654581
—0,00041324182
—0,00017389435
—0,00005421851
0,0000056196
-0,00000024847
—0,00000933952
—0,00000185969
0,00000188
0,0000000101
—0,00000092473
—0,0000004573
—0,00000022325
—0,00000010655

—0,00000004821

~0,04

0,01

-0,0008

-0,0008

~0,00005

-0,000001
-0,000001

0,07
0,07

0,01

0,002
0,002

0,00006
0,00006
0,00006

0,000005
0,000005
0,000005

0,00000001
0,00000001
0,00000001
0,00000001
0,00000001

(¢75¢)

(cg5¢6)

(CHY)

(€105¢)

(co5¢11)
(cn3e)
(cin3¢1)
(ci35¢14)
(ci35¢15)
(Ci65€15)
(c73615)
(cis3¢15)
(¢153¢19)
(C203¢19)
(SN
(c3¢15)
(c3¢3)
(€25€54)
(C255C24)
(Ca63C24)
(cy75¢3)
(C253€54)

(€293C55)

Nghiém gin ding 1a ¥ ~¢,, =1,272169977 va f(x)~—0,00000004821 Labi

binh: Ta thiy phuong phap chia d6i tuy don gian nhung n6i chung hoi tu cham,

thao tac trén may kha phtc tap.

Phwong phap lap
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Phuong trinh x” +x—10=0 tuwong duong v6i x =10 —x = ().

1 1
Vi ¢'(x)= nén <
(10— x)8 2/978
13p x,,, =310 —x, hoi tu t6i nghiém ¥ e(1;2).

Chon gia tri ban dau x, =1,5: 1.5[=]

oL % <1 v6imoi x&[1;2]. Do b day

Chu y: May da duogc thiét ké mot cach thong minh 14 gid tri X, =1,5 vira duoc khai

bao, hoac cac két qua tinh toan hién trén man hinh, cling s€ dugc chuyén ngay vao 6

Ans (két qua), dé su dung vao cac tinh toan tiép theo cho tién.

Khai bo ¢(xy): [( 102 [Ans] ] H@g@@

Tinh gi trj ctia ¢(x,): Bam phim =]
Tinh céc gia tri tiép theo: Bam phim [=]
Sau 6 1an bAm phim, ta di dén day nghiém xép xi:

1,5; 1,268436614; 1,27223043; 1,272168998; 1,272169993; 1,272169977,
1,272169977,

Két qua nghiém gan dung 1a: 1,272169977 (chinh xac dén 10 chit sé thap phan).

Phwong phap day cung

Xét f(x)=x"+x—-10. Ta c6 f'(x)=9x°+1>0 va f"(x)=72x" >0
voi moi x trong khoang (1;2). Theo cbéng thirc diy cung

N EAr)
M Sk S(d)

vGi d =2 taco day lap

(x” +x,-10)(x, -2)
nT 9 > Xo
x +x,—-10-504

X, =X

Khai béo gi4 tri dau x, =1: 1[=]
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(x” +x,-10)(x, - 2)
"X +x,-10-504

Khai bao cong thuc x,,, =x

[Ans] [51[( [Ans] [x"]9 [ [ [Ans] [510])] [( [Ans] F12]) [ [ [Ans] [x ]9 [] [+] [Ans]
[=]514))]

Tinh cac gia tri x, bang cach bam lién tiép phim E . Ta dugc day cac gia tri:

8. 1,03069279; ...
64

Phai sau khoang 300 1an bim phim [=] ta méi ra dugc két qua 1,272169976.

Nhu vay, phuong phap day cung trong bai nay hoi ty rat cham.

Phuong phap tiép tuyén

X £ X .
Theo cong thirc tiép tuyén x,,, = x, —M, X, =2 taco
f(x,)
9
x +x,-10
=X B
e 9xi+1
Khai bao gia tri ban dau: 2[=]
’ 10
Khai béo cong thite x_ = x, — 2"
ai bao cong thirc =x, ——t—:
e 9xi+1

[Ans] [=][( [Ans] [x |9 ][] [Ans] [=110D] (2] [ 9[Ans] [x |8[+] 1 ]

Tinh cac gia tri x,,, bang cach bim lién tiép phim [=]. Ta dugc day cac gia tri xip
X1i:

1,781344902;  1,592631378;  1,438653785;  1,331291548;  1,281547657,
1,272435766; 1,272170196; 1,27216977; 1,27216977.

Sau chin 1an l3p ta di di dén dap sb.
Két ludn: Ca bén phuong phap (chia doi doan chira nghiém, lap, day cung va tiép

tuyén) déu cho nghiém gan dung t6i 10 chit sé thiap phan. Dé tim dwgc nghiém gan
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dung dén 10 chir s6 thap phan theo phuong phéap chia doi can 30 budc lip, va thao
tac phirc tap trong mdi budc. Pé tim nghiém gan dung dén 10 chir sé thap phan theo
phuong phap lip chi can 6 budc. Dé tim nghiém gan dung dén 10 chit sé thap phan
theo phuwong phap diy cung phai can dén 300 budc lip. Dé tim nghiém gan dung
dén 10 chir s6 thap phan theo phuong phép tiép tuyén chi can 9 budc lip. Thao tac
l3p theo ba phuong phap sau rat don gian: sau khi khai bao gia trj ban dau va cong
thirc 1ap, ta chi can lién tiép bam phim [=] cho dén khi duoc gia tri khong d6i (diém

bat dong), 1a nghiém gan dang dén 10 chit s6 thap phan.
Bai 2. Giai phuong trinh chtra can thirc 3x — 28/x —5=0.

Pat y=f(x)=3x— 28/x -5. Khoéng cin may ta ciing c6 thé dé dang tinh
dugc f(0)=-5 va f(5)=3.5 —28/5-5=10-2%5>0. Do do, phuong trinh
3x—2\8/; —5=0 c¢6 it nhat mot nghiém trong khoang (0;5). Pé xem déng diéu

hinh hoc cua do thi, ta ¢6 thé nhd Maple dé vé dd thi trong khoang (0;5) nho 1énh
plot (v& do thi):

[> plot(3*x-2*x"(1/8)-5,x=0..5);

Nhin vao dé thi ham sé y = £(x) =3x—28x —5 ta thy, db thi cit truc hoanh tai
mot diém trong khoang (2;3). Tuy nhién, dé chinh xac hon ta can tinh gié tri cta
ham s6 tai cac diém x=2 va x=3.

Ta c6 thé tinh cac gi tri cia ham s6 da cho tai diém x = 2 nho 1énh eval (evaluate -
tinh gia tri cia ham s6 tai x = 2) va 1énh evalf(%) (tinh gié tri cta biéu thirc trén):
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[> eval(3*x-2*x" (1/8)-5,x=2);

1-2 2(1/8)

[> evalf(%);
-1.181015466
Ciing c6 thé két hop hai 1énh trén vao mot 1énh:
> evalf(eval(3*x-2*x"(1/8)-5,x=2));
-1.181015466
Tuong tu, ta co thé tinh cac gia tri cia ham s6 da cho tai diém x =3 nho 1énh eval

va 1énh evalf(%):

[> eval(3*x-2*x"(1/8)-5,x=3);

[> evalf(%);
1.705594620
Tuy nhién, ta con c6 thé dung 1énh subs (thay thé) dé thay x =3 vao biéu thirc
f(x)=3x— 28[x -5 dé duoc giatri £(3):
[> subs(x=3,3*x-2*x"(1/8)-5);

4-23"

[> evalf(%);
1.705594620
Co thé két hop hai I¢nh trén vao mat Iénh:
[> evalf(subs(x=3,3*x-2*x"(1/8)-5));
1.705594620
Tat nhién, ta ciing c6 thé ding may tinh khoa hoc dé tinh céc gié tri trén. Thi du, sir
dung Casio fx-570 ES dé tinh gié tri cia ham s 3x — 2% —35 tai x =2 nhu sau:

Khai bdo ham s 3x — 2\8/; -5:
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s A ] B2 ) 9 - D s B )
Tinh gia tri ham sb:
Bam phim (Calculate-tinh)
May hoi: X?
Khai bao x =2: 2[5]

May tra 101 (d4p s6 hién trén man hinh), man hinh c6 dang:

1

3X -2X8 -5 _
~1,181015465

(3.2)

Dé tinh gid tri ctia ham s6 3x — 28/x -5 tai x=23 ta khong can khai bao lai cong

thirc ham s6 ma chi can sir dung phim [CALC]:
Bim phim (Calculate-tinh)
May hoi: X?

Khai bao x =3: 3[=]

1
May tra 10i (d4p s6 hién trén man hinh): |3X —2X $-5 :
1,705594619

Vay phuong trinh 3x=28x-5=0 co mot nghiém duy nhat trong khoang

(a;:0)=(2;3).
Phwong phap chia d6i khoang chira nghi¢ém

Pua gia tri x =2 vao 6 nh6 [4]: 2[SHIFT] [STO][4]
Pua gid tri x =3 vao 6 nh¢ [B]: 3[SHIFT] [STO][B]

+ 2+
a2b=73=§ va dua vao 6 nho [C]:

[ALPHA] [4] [+] [ALPHA] [B] 5] [+]2[=] [SHIFT] [sTO] [C]

Tinh c=

St dung phim [A] dé di vé& dong cong thuc (3.2) va dung phim dé tinh gia

5

tri cua ham so tai ¢ = 5 :
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Bim phim (Calculate-tinh)
May hoi: X?

Khai bao ¢ = % (dang & trong 6 ):
[=](0.2572932161)
Nhu vay, ta c6 f(2)=-1,181015465<0 va f(%) =0.2572932161> 0. Ching

to nghiém ciia phuong trinh nam trong khoang (a,;b,) = (a,c) =(2;3). O [B] duoc
giai phong (gia tri cti x=3 trong 0 nhd khong can dung nita).

e - a,+b _9 o
Lai chia d6i khoang (a;;0,)=(a,c)=(2;3) va gui ¢, = 5 = 2 =2,25 vao 6

[B]:
[ALPHA| [4] [] [ALPHA] [c] [=] [:] 2[=] [sHIFT] [sTO] [B]
Str dung phim [A] dé di vé dong cong thirc (3.2) va dung phim dé tinh gia

tri cia ham s tai ¢, = 1 =2,25:

Bam phim (Calculate-tinh):
May hoi: X2

9 .
Khai bdo ¢, = 2 (dang & trong 6 [B]):
=] (—0.4633638394)

Nhu vy, ta co f(c)= f(%) =—0,4633638394 <0 va
f(b)= f(%) =0,2572932161> 0. Chiing t6 nghiém ctia phuwong trinh nam trong

95 .
khoang (a,;b,)=(a,,c,) =(Z;5). O nhé dugc giai phong (gia tri ci a=2

trong 6 nhé [4] khong can dung nira).
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95
Lai chia doi khoang (a,;0,)=(a,,c,) = (Z,E) va gui

9 5

7+7
szazzbz - 422 =%=2,375 vio & [4]:

[aLPHA] [B] [+] [ALPHA] [C] [=] [:] 2[=] [sHIFT] [sTO] [4]
Str dung phim @ dé di vé dong cong thire (3.2) va dung phim dé tinh gia

. 19
tri cua ham so tai ¢, = E =2,375:

Bam phim (Calculate-tinh):
Méy hoi: X2

1 .
Khai bdo c, =§9 =2,375 (dang ¢ trong 6 [4)):

=] (-0.103373306)

Nhu vay, ta co f(c,)= f(%) = £(2,375)=-0.103373306 <0  va
f)=r (g) =0.2572932161>0. Ching to nghiém cta phuong trinh nim trong

5. 4
khoang (a,;b,) =(c,;b,) = (2,375;5). O nhé |B| dugc giai phong (gia tri cli ¢, :%
trong 0 nhd khong can dung nita).
5
Lai chia doi khoang (ay;0,) =(c,y3b) = (2,375;5) va gui

19 5

7+7
:ngbz - 82 2 :%:2,4375 vao & [B]:

[ALPHA] [4] [+] [ALPHA] [C][=] [] 2[<] [sHIFT] [sTO] [ ]
Str dung phim [A] dé di v& dong cong thirc (3.2) va dung phim dé tinh gia

G

tri cua ham sb tai cy = % =2,4375:

Bam phim (Calculate-tinh):
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May hoi: X?

Khai bdo c; = % =2,4375 (dang & trong 6 [B]):

[=1(0,076879549)
Nhu vay, ta co fle)=f (%) =0,076879549 >0 va

f(cy)= f(%) = £(2,375)=-0.103373306 < 0. Chung t6 nghiém ctia phuong

19 39

S O nh¢ [C] dugce gidi phong (gia

trinh nam trong khoang (a;;b)=(c,505)=(

S )
tricl ¢ = 5 trong 0 nhd khong can dung nira).

Lai chia doi khodng (a,;b,) = (c,:c,) = (%;%) va giti
19 39
_a,+b, g

Cy

= 216 :%:2,40625 vao & [C]:

[ALPHA] [4] [+][ALPHA] [B] [=] [:] 2[=] [sHIFT] [STO] [C]
Str dung phim [A] dé di vé dong cong thirc (3.2) va dung phim dé tinh gia

tri ciia ham s tai c, = 3—2 =2,40625:

Bam phim (Calculate-tinh):

May hoi: X?
L, 77 , 2
Khai bao ¢, = 3—2 =2,40625 (dang ¢ trong 0 ):

=](-0,013267467)

Nhu vy, ta co fle)=f (;—Z) =-0,013267467 <0 va

f(cy)= f(%) = £(2,375)=-0.103373306 < 0. Ching t6 nghiém ctia phuong
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19 39

S O nhé [C] duge giai phong (gia

trinh ndm trong khoang (a;;b)=(c,565)=(

: 5 ST
tricli ¢ = 5 trong 0 nhd khong can dung nira).

Ta c6 bang két qua sau:

¢, trong o f(c,) f(a,) f(,) Khoéang
a=2; b=3 1,1 1,7 (a;b)
c=2,5 02572932161  -1,1 (a;c)

¢ =2,25 -0.4633638394 0,2 (¢5¢)
¢, =2,2375 -0,103373306 0,2 (¢230)
¢; =2,4375 0,076879549 -0,1 (¢25¢5)
¢, =2,40625 -0,013267467 0,07 (c33¢4)
¢s =2,421875 0,031800956 ~0,01 (ci3¢5)
cs = 2,42140625 0,00926546534 0,01 (c43¢,)
¢, =2,41015625 ~0,0020013218 0,009 (¢75¢4)
¢, = 2,412109375 0,00363199172 0,002 (c;¢)
cy =2,411132813 0,00081531494 0,002 (c75¢9)
co =2,410644531 —0,00059300843 0,0008 (Ci05¢5)
¢, =2,410888672 000011115202 0,005 (Coicyy)
¢, = 2,410766602 ~0,00024092851 0,0001 (cip561))
¢3 = 2,410827637 —0,000006488831 0,0001 (e55¢11)
¢y = 2,410858154 0,00002313185 _0,000006 (ci33¢14)
c15 = 2,410842896 ~0,0002087824 0,00002 (¢is5¢14)
¢c = 2,410850525 0,00000112682 ~0,0002 (¢153¢16)
¢, = 2,41084671 —0,0000098757 0,000001 (¢173¢16)
¢ = 2,410848618 —0,00000437445 0,000001 (Cig5€17)
¢y = 2,410849571 —0,00000162379 0,000001 (Co3¢17)
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¢y = 2,410850048
¢y, = 2,410850287
¢,y =2,410850167
¢y3 = 2,410850108
¢,y =2,410850138
Cys = 2,410850123
¢y =2,41085013

¢,y =2,410850134
C,5 =2,410850136
¢y =2,410850135

€y = 2,4108501345

& & &[] & [R] B &« &R

-0,00000024847
0,00000043919
0,00000009536
—0,00000007658
0,0000000094
—0,00000003358
-0,00000001209
-0,00000000132
0,00000000404
0,00000000135

0,00000000000

-0,0000002
-0,0000002

-0,00000007

-0,000000001
—0,000000001

—-0,00000000132

0,000001

0,00000009

0,000000009
0,000000009
0,000000009

(c203617)
(C203651)
(C203€5)
(c233¢5)
(cr33¢54)
(C255€24)
(C265C24)
(cy75¢3)
(C275C55)
(€275C29)

(€375¢5)

Nghiém gan ding 1a X ~ Cy =2,4108501345 va f(x)=0,00000000000 (chinh

xé4c dén 10 chir sd).

Phwong phap lap

Phuong trinh 3x — 28x-5=0 tuong duong voi x =

Day lap co dang x,,, =

Chon gia tri ban dau Xy =2,5:25 E

28x, +5
==

Khai bio o) ZHI@SBBS 3

Tinh gi4 trj cia @(x,): BAm phim [=]
Tinh c4c gia tri tiép theo: BAm phim [=]
Ta duoc diy xép xi:

2.5; 2.414235595; 2.410980682; 2.410855171;

2.410850135; 2.410850134; 2.410850134; ...

Sau 9 budc ta di dén nghiém gan dang dén 10 chir sb.
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3

= p(x).

2.410850329; 2.410850142;



Phwong phap day cung
S, —3)

Theo cong thirc day cung x,,, =x, — X, =2 taco

" fx)-f3)

3x, —2§/x, =5)(x, -3
X =x Gx, —2¥/x, —5)(x, —3) ’
3x,—28x, —5- f(3)

Khai bao x, =2:2[<]

XOZ

Khai bao cong thirc f(x) =3x— 28[x-5:

3 [ALPHA] [¥] )2 [ALPiA [¥] [0 H@swas

Tinh gia tri ciia £'(3): Bam phim [CALC]
May hoéi: X?

Khai bdo: 3[=](1.705594619)

Gri vao 6 [4]:[SHIFT]

Khai bao gia tri ban dau: 2[=]

_ Gx, = 2¥x, 5, -3)
" 3x,-28x, -5-f(3)

Khai bdo cong thuc x,,, =x

E3|AnsIE2IAnsIHI@8BEE5E3E3

92H1@8BBESE

Tinh cac gia tri x, bang cach bam lién tiép phim E :

Ta duoc day cac gia tri:

2,409135779; 2,410843757; 2,410850111; 2,410850134; 2,410850134.

Phuong phap tiép tuyén
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ACH)
")

Theo cong thirc lip trong phuong phép tiép tuyén X, =X X, =2 taco

(3x, —2x, -9
_ u=

3_7
48/x”

n

Khai bao gia tri ban dau x, =2: 2[=]

(Bx, ~2x, -5
_ 59,

3. -
48x2

0 i 2 ] 9 EIDE S 0o B T
7IvI8[e] o] D D)

Tinh cac gia tr1 x, bang cach bam lién tiép phim E Ta duogc day cac gia tri:

Khai bdo cong thic x, , =x

n

2,412410874; 2,410850152; 2,410850134; 2,410850134.

Sau ba 1an ldp ta da di dén dap sb.

Két luan: Pé tim dugc nghiém gin dung dén 10 chit s thap phan theo phuong
phap chia d6i can 30 budc lip, va thao tic phiic tap trong mdi budc. Pé tim nghiém
gan dung dén 10 chir s6 thap phan theo phwong phép lip chi can 9 budc. Pé tim
nghiém gan dung dén 10 chit sé thap phan theo phuong phap diy cung can 4 budc
lap. Dé tim nghiém gan dung dén 10 chir s6 thap phan theo phwong phép tiép tuyén
chi can 3 budc lip. Thao tac lip theo ba phuong phap sau rat don gian: sau khi khai
bao gi4 tri ban ddu va cong thirc ldp, ta chi can lién tiép bam phim [=] cho dén khi
dugc gia tri khong doi (diém bat dong), 1a nghiém gan dung dén 10 chit s6 thap

phén.

Bai 3. Giai phuong trinh hdn hop dai s6 - luong gidc x” —cosx=0.

bat  y=f(x)=x"—cosx. Ta d& dang tinh dwoc f(0)=—1 va

1)=0,4596976941>0. Do d6, phuong trinh x° —cosx=0 c6 it nhit mot
S( phuong
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nghiém trong khoang (0;1). Nghiém cua phuong trinh  x° —cosx =0 ¢ thé duoc
coi nhu 13 giao cta hai d6 thi ham sb y= X va y =cosx. Ta co thé nho Maple dé
v& hai d0 thi trong khoang (0;1) nhd 1énh plot (v& db thi) trén ciing mot hé toa do:
[> plot([x*3,c0s(x)],x=0..1);

0.8
0.6
0.4

0.24

Nhin vao d6 thi ta thdy, nghiém ctia phuong trinh nam trong khoang (0,8;0,9).

Dé st dung Casio fx-570 ES tinh toan véi radian, trude tién ta phai vaio MODE st

dung radian bﬁng cach bam phim: [SHIFT| [MODE] |4].

Phwong phap chia doi
Khai bao ham y = f(x) =x" —cosx: [x'[3[] cos

Thuc hién cac thao tac hoan toan twong ty nhu trong Bai 1 va Bai 2, ta di dén bang

két qua dudi day.
¢, trong 0 f(e,) f(a,) f®,) Khoang
a=0; b=1 -1 0,45969(B] (a;b)
c=0,5 -0,752582561 0,4 (c;b)
¢, =0,75 -0,3098138689 0,4 (¢;3b)
¢, =0,875 0,02892501684 -0,3 (¢3¢,)
¢; =0,8125 -0,1513086091 0,02 (¢3¢,
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¢, =0,84375
¢, =0,859375

¢, =0,8671875
¢, =0,86328125
¢ =0,86523437
¢, =0,866210937

¢ =0,865722656

¢, =0,865478515

¢, = 0,86535644
¢, =0,86541748
¢, =0,86544799
¢ =0,86546325
¢, =0,86547088
¢, =0,8654747

¢ = 0,86547279
¢, =0,86547374
¢y = 0,86547422
¢, =0,86547398
¢,y = 0,86547410
C,3 = 0,86547404

¢, = 0,86547401

El [ & [ B & &

[A]

[ B B @ R R &R R R &R

-0,06398823736

-0.01824073474

0,05163610306

-0,006583038793

-0,000720852907

0,002218591595

0,000748172873

0,000013485903

-0,00035372701

-0,000170132846

-0,000078327132

-0,000032422234

-0,000009469276

0,000002007338

-0,00000373098

-0,000000861816

0,00000057276

-0,000000144521

0,000000214128

0,000000034804

-0,000000054851

-0,01

-0,0007
-0,0007

-0,0007

-0,000009

-0,0000008

-0,0000001

-0,0000001
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0,02
0,02

0,05
0,05

0,00001
0,00001
0,00001
0,00001
0,00001

0,000002
0,000002 [B]

0,0000005

0,00000003

(c436,)
(cs53¢,)
(¢s5¢2)
(¢73¢)
(cs3¢s)
(cs365)

(Y]

(cg5¢11)

(cipscn)
(ci33611)
(ciusen)
(c55¢11)
(cie5€11)
(Cig5€17)
(Ci55¢17)
(C193617)
(C195C20)
(c3€31)
(c215¢)
(c3653)

(CZ4 5 CZ3 )



¢y =0,86547402 -0,000000010024 0,00000003 (€255C24)
¢y =0,86547403 0,00000001239 -0,00000001 (Cys3Ca6)
¢,; =0,86547403 0,00000001183 -0,00000001 (Ca55Ca7)
Cys =0,865474031 -0,000000004412 0,00000001 (Cr55¢7)
Cy9 =0,86547403 -0,000000001615 0,00000001 (Cr95¢57)
c3 = 0,86547403 -0,000000000216 0,00000001 (C305¢57)

Nghiém gin ding 13 ¥ ~ ¢y, =0,865474033radian va f(x) = —0,000000000216

Phuwong phap lap

Phuong trinh x° —cosx =0 tuong dwong véi x = /cosx = @(x).
Day 13p c6 dang x,,, =3/cosx, .

Trudc tién ta phai vao MODE st dung radian bang cach bam phim:

[SHIFT]| [MODE]

. . Vs
Chon gid tri ban dau x, :Z: E4E|
Khai bao @(x, ) :[SHIFT] |3/ | [cos| [Ans]|

Tinh gi trj cua @(x,): Bam phim =]

Tinh céc gia tri tiép theo: Bam phim [CALC]

Ta duoc day xap xi:

0.8908987181; 0.8566779192; 0.8684331147; 0.8644689718; 0.8658143009;
0.8653587072; 0.8655131056; 0.8654607937; 0.865478519; 0.8654725131;

0.8654745481; 0.8654738586; 0.8654740922; 0.8654740131; 0.8654740399;
0.8654740308; 0.8654740339; 0.8654740328; 0.8654740332; 0.8654740331.
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Nhur vy, sau 20 lan bAm phim [CALC], ta di dén nghiém xap xi X = 0,8654740331.
Phwong phap day cung
Himsb y= f(x)=x"—cosx c6 y' = f(x)=3x> +sinx >0 va

V'=f"(x)=6x+cosx>0 véimoi xe (%;lj . Theo cong thitc diy cung

IPACA A N

=—taco

Xnt1 =Xy > X
! f(x,)—f(b) 4

B (x) —cosx, )(x, —1) T

T XY —cosx, — f(1) 0 4

Khai bao x0:%: [SHIFT| 2] []4[]

Khai bao cong thure

o =x — (xfl3 —cosx, )(x, —1) :
x, —cosx, — f(1)

[Ang] (=] [q [Ans] [SHIFT] [x*] [] cos] [Ans] ] ] [( [Ans] [=]1 D] (2] (] [Ans] [SHIFT] []
[ [cos] [Ans] D] [l [ALPHA] [A] )]

Tinh céc gid tri x,,, bang cach bam lién tiép phim [=]. Ta duoc ddy cac gia tri:
0.8554102741; 0.8642643557; 0.8653292731; 0.865456721; 0.8654719629;
0.86547376855; 0.8654740035; 0.8654740296; 0.8654740327; 0.8655740331;

0.8655740331; 0.8654740331.
Sau 10 1an bdm phim [=], ta di dén nghiém x4p xi ¥ =0,8654740331.

Phuong phap tiép tuyén

3
iép tuyé X X, —COS X
Theo cong thirc tiép tuyén x,,, =X S () X, —Co8x,

"L,

taco x, ,=x — .
+1 2 .
! " 3x) +sinx,

e, A T
Ta chon gié tri ban dau x,, = Z .

Khai béo gi4 tri ban dau: [s]4[=]
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3
X, —COSX

cq A ’ _ _n n_.
Khai bao cong thirc x, ., =x, ——5—F—"

2 : :
3x, +sinx,

[ns] (2] (] [Ans] [SHIFT] ['] [=] [cos] [Ans] D] ] [£] [ 3[Ans] [+*] [+] [sin] [Ans] ]
Tinh cac gia tri x bang cach bam lién tiép phim E Ta duoc day cac gia tri:

0.8724441024; 0.8655207565; 0.8654740352; 0.8654740331; 0.8654740331;
0.8654740331; 0.8654740331.

Sau bén 1an bdm phim [=] ta da di dén dap sé X =0,8654740331.

K#ét ludn: Ca bén phuong phéap déu cho dap sé x =0,8654740331.
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CHUONG II

GIAI GAN PUNG NGHIEM CUA BAI TOAN
CAUCHY CHO PHUONG TRINH VI PHAN THUONG

TREN MAY TINH PIEN TU

DP1. PHUONG PHAP GIAI GAN DPUNG BAI TOAN CAUCHY
CUA PHUONG TRINH VI PHAN THUONG

S6 lwong phuong trinh vi phan giai dugc bang cau phuong (nghiém dugc
biéu dién thong qua cac phép tinh va cdc ham co ban) 1a rat it. Tham chi khi ¢ cong
thirc nghiém ctia phuong trinh vi phan, do su phirc tap ctia cong thirc, chua chac ta
dd co thé khao sat duoc céac tinh chat caa nghiém. Vi vay, dé nghién ctru phuong
trinh vi phan, ngudi ta thuong khong giai truc tiép phuong trinh, ma sir dung hai
phuong phap: phuwong phap dinh tinh - nghién ctru cac tinh chit cia nghiém (ton tai
va duy nhat, tinh bi chin, nghiém tuan hoan, tinh on dinh,...) thong qua vé phai cia
phuong trinh va phuong phap giai gan ding - tim nghiém dudi dang xap xi. Hai
phuong phap nay hd trg va bd sung nhau.

Pé giai gan dung phuong trinh vi phan, nguoi ta thudng ding hai phuong
phap: phuong phép giai tich - tim nghiém xap xi dudi dang mot diy cac ham sb
lién tuc hoi tu déu toi nghiém (1a mgt ham kha vi thoa man phuong trinh vi phan va
diéu kién dau) trén mot khoang (a,b) nao d6 va phuong phéap sé - tim nghiém xap
xi dudi dang céc gia tri sb cla nghi¢m tai mot s6 diém trén doan [a,b] va két qua
dugc cho dudi dang bang, nhu phuong phap dudng gip khic Euler, phwong phap
Runge-Kutta, phuong phap da budc,...

Trong chuong nay, chung t6i trinh bay phuong phap dudng gap khuc Euler
va phuong phap Runge-Kutta gidi bai toan Cauchy cho phuong trinh vi phan
thuong. Nham minh hoa cho kha ning st dung may tinh dién tir dé giai phuong

trinh vi phan, trg giup cho hoc tip ciia sinh vién khi hoc mén hoc nay, ching t6i thé
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hién phuong phap Euler va phuong phap Runge-Kutta trén may tinh dién tir khoa
hoc Casio fx-570 ES va trén chuong trinh Maple.
1.1. Bai toan Cauchy ciia phwong trinh vi phian cip mjt
Bai toan: Tim nghiém y = y(x) ctia phuong trinh
V=f(xy) (1.1)

théa man diéu kién ban dau

¥(x0) = Yo (1.2)
(tirc 1a tim modt ham kha vi y = »(x) sao cho y(x,) =y, va »'(x)= f(x,y(x))
trong mot 1an can nao do cua X ).

D@ dang ching minh duoc rang, phuong trinh vi phan (1.1) twong dwong véi

phuong trinh tich phan
Y(X) = o+ [ [ s, 7(s))ds, (13)
X0

theo nghia, moi nghiém cta phuong trinh (1.1) 1a nghiém lién tuc cua phuong trinh
(1.3) va nguoc lai (xem, thi dy, [7], [8]).

Ta c6 Pinh 1i sau day vé su ton tai va duy nhat nghiém cua phuong trinh vi
phan (1.1) thoa mén diéu kién ban dau (1.2).
Dinh li 1 (Picard-Lindelof) Gia su:
1. Hamsé f(x,y) la lién tuc theo cd hai bién trong mién dong, gidi ndi D -

Xg—asx<x,+ta

Yo—b<y<y,+b
(Do D 1a mot mién déng, gidi ndi nén tir gia thiét nay suy ra ton tai mot s6 duong
M sao cho ‘f(x,y)‘ <M véi moi (x,y)e D).
2. Ham hai bién f(x,y) théa man diéu kién Lipschitz theo bién y
trong D déu theo x, tirc la ton tai mot hang s6 dwong L sao cho
f Cey) = fp)| S LIy =)

voi moi (x,y) €D, (x,y,)eD.
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Khi dy ton tai duy nhdt mét nghiém y = y(x) ciia phwong trinh (1.1) trong khodng
. b . .
Xo—H<x<x,+H, trong d6 H =m1n(a,ﬁ), thoa man diéu kién ban dau

(1.2).
Chtng minh Dinh li nay ¢ thé xem trong [7], [8].

 (x,»)
oy

Nhan xét 1. Néu ham  f(x,y) va la lién tyc trén hinh cht nhat D thi

<L v&i moi (x,y)e D . Hon nita, theo Pinh i gia tri trung binh, véi

‘Gf(x,y)
oy

mdi cap (x,y,)Vva (x,y,) ton tai diém (x,y") e D sao cho

of (x,»")
oy

Chung to f(x,y) thoa méin diéu kién Lipschitz.

|f(x9yl)_f(xay2)|:‘ |y1_J’2|SL|y1_J’2|-

Nhan xét 2. Dinh i Picard-Lindelof co tinh chdt dia phwong (t6n tai nghiém trong
mot 1an can cua x, 1a khoang [xo —H,x,+ H]).

Véi mot s6 16p ham f(x, y), ta c6 thé ching minh su ton tai nghiém toan cuc cia
phuong trinh (1.1). Thi dy, su tdn tai nghi¢ém toan cuc cua phuong trinh tuyén tinh

y'+ P(x)y = Q(x) trén toan doan [a,b] la hé qua cua Dinh li sau.

Pinh li 2 Gid siv f(x,y) la ham lién tuc theo hai bién va théa man diéu kién
Lipschitz

f (e 3) = f o) S LIy —
trong mién chiz nhdt vé han [a,b]x (—0,0) va (x9,p) la mot diém trong ciia
mién do. Khi dy bai todn gid tri ban dau (1.1)-(1.2) ¢6 nghiém duy nhdt trén doan
[a,b].

1.2. Bai toan Cauchy ciia hé phwong trinh vi phan cip mjt
Céc Dinh li t6n tai nghiém ctia bai toan Cauchy cho phuong trinh vi phan

cap mot co thé phat biéu twong tu cho hé 7 phuong trinh vi phan cap mot
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y{(X) = fi(xaylayzz"'yn)

Y2 (X) = (%, 31, ¥250-0,) (1.4)

Vo (x)= 1,600 Y05000,)

Hé (1.4) c6 thé viét dudi dang ' = f(x,y), trong @6 Y =(3},Vpre0r V)
va f=(f;, fosenf,) 12 nhitng vecto 7 chiéu. Duéi ddy ching ta phat biéu mot
dang tuong tu ctia Pinh 1i 1 cho hé phuong trinh vi phan cap mot.

Pinh li 1°  Cho hé phuong trinh vi phan (1.4), trong dé ham f xdc dinh va lién
tuc trén tgp mo D c Rx R" va thoa man diéu kién Lipschitz theo y déu theo x
trén D:

Hf(xa)ﬁ) _f(xayz)H SKH)’l _y2H voi moi (x,y,) €D, (x,y,) €D.
Khi dy véi méi (xy,y,)€D tim duoc mét s6 d >0 sao cho trén khodng
(xo —-d,x, +d) ton tai va duy nhdt nghiém cia phwong trinh vi phan (1.4) thod
man diéu kién y(x,) =y,

Ching minh: Xem [7], [8].

P2. PHUONG PHAP EULER

2.1. Phuwong phap Euler

Khi f(x,y) la lién tuc nhung khong la Lipschitz, nghiém cta bai toan
Cauchy van ton tai, nhung c6 thé khong duy nhat.
: d
Thi du 2.1. Xét bai toan Cauchy d_y = %/; , ¥(0)=0.
X

Bai toan nay c6 vO sO nghiém: ngoai nghiém y(x)=0 con c6 mot ho nghiém

3
P(x)=0 khi x<c va y(x):(z(xT—c)jz khi x> ¢, trong d6 ¢> 0 bt ki.
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Thi du 2.2. Xét bai toan Cauchy Z—y = (sin2x)3[y, ¥(0)=0.
X

242 .
Bai toan nay c6 ba nghiém y(x)=0; y(x)= i%mf X.

Nhan xét rang cac ham s6 f(x, y)=%/; va f(x, y)=sin2x.§/; khong 1a

Lipschitz theo y trong lan cén diém (0,0).

Céc thi duy trén cho thy, néu ham f(x, y) khong la Lipschitz thi Dinh 1i vé ton tai
duy nhat nghiém (Dinh 1i Picard-Lindenlof) khong con diing. Tuy nhién ta vin ¢
Pinh li ton tai nghiém sau day:
Pinh li 1 (Cauchy-Peano) Gid sir f(x,y) la ham lién tuc theo hai bién trong mién
dong, gioingi D :

Xg—as<x<x,+a

Vo—b<y<y,+b
(Do D 1a mot mién déng, giéi ndi nén tir gia thiét nay suy ra ton tai mot sé duong

M sao cho ‘f(x,y)‘ <M véi moi (x,y)e D).

Khi dy ton tai it nhdt mét nghiém y = y(x) ciia phwong trinh (1.1) trong khodng
, .o b ;
x,—H<x<x,+H, trong d6 H = mln(a,ﬁ), théa man diéu kién ban dau (1.2).

Chirng minh. Nham muc dich thé hién phuong phap tinh gan ding nghiém, dudi
day chiing t6i trinh bay ching minh Pinh li Cauchy-Peano bang phwong phap dua
trén khai niém duong gap khuc Euler.
Tl (x,,),) ké hai duong thang véi hé s6 gocla M va —M .
Céc duodng thang nay c6 phuong trinh 1a
Y=Yy +M(x—x,)
va
Y=Yy —M(x—xp)
Chung cét hai duong thang

56



songsong y =), —b

vd y =y, +b tai cic diém co hoanh d¢ la

Xy + I va X, — I (xem hinh v¢g).

Goi h 1a do dai budc (stepsize) cua bién doc 1ap x (4 co thé duong hodc 4m, khi A
duong thi nghiém duogc xay dung vé bén phai ciia diém X, va nguoc lai, khi 4 am
thi nghiém duoc xay dung vé bén trai cua X,. Duéi day ta coi 4 >0, truong hop

h <0 cothé ching minh twong ty).

Ta tim gia tri gan dung cuia nghiém tai cdc nit gia tri cua x; voi i=12,...,n

(nz[%}+l):

X, =X, +h;
X, =X +h=x,+2h;

.........................

Do dbc cua duong tiép tuyén trong do thi ctia hamsd y = f(x) tai cic gid tri cla
x duge cho boi cong thie : V'(x) = f(x, y(x)).
Chang han, tai x = x, do dbc ciia duong tiép tuyén 1a
Y'(x0) = f (xg, ¥(x0)) = 1 (X5 ) -
Khi d6, phuong trinh duong tiép tuyén véi duong cong y = y(x) di qua diém
(xy,¥,y) c6 dang:
Y=Y =Y (X)(x = x0) = [ (X0, Yo (X = X¢)

hay

Y= f (X0, Yo)(x —x0) + Yy (2.1)
Dung dudng nay dé tim gid tri xap xi cta nghiém y = y(x) tai x=x, (ki hiéu la
V1), tacod

N = S (X0, Y0) (X = Xo) + Yo =1 (X9, ¥o) + V-
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Tiép d6, dung diém (xl, yl) dé tinh gia tri cia y tai X =x, nho phuong trinh
duong tiép tuyén

y=n=f(x,y)x—x)
hay

y=10,y)x—x)+y.

Tiép tuc qua trinh nay, tai x = x, tatinh duoc:

Yurt =W (X, 9,0+ Y, (2.2)
Nbi cac diém (x;,y;) voi i=1,...,n, ta dugc mot duong gap khuc v, (x), dugc goi
1a dwong gdp khiic Euler (xem hinh v&). Véi mdi 4 chon trude, duong gap khuc
Euler cho ta mot xap xi ctia dudng cong nghiém, nd tring véi tiép tuyén cia cac
duong cong nghiém (khac nhau) tai mdi diém(x,,y,). Cong thiic hién cta duong
gap khuc nay 1a
i(ty) = xo;

Vi =y, ) + [y G D))= 6)s (i St k=1,2,...n.

Khi / thay d6i ta dugc mot ho cac dudng gap khuc Euler. Cho / tién t6i 0 ta dugc
mot ho cac ham sb (cac dudong gap khic) gidi ndi déu va lién tuc dong bic trén
khoidng x, <x<x,+H .

That vay, dd thi ctia moi duodng gﬁp khiic déu nam trong tam giac T gidi han bdi cac
duong thang y =y, + M(x—x,) va x=x,+H (xem hinh v&) nén chung bi chin
déu.

X"

Do |yh(x")—yh(x')|: J.y;l(s)ds £M|x"—x'| véi moi h  va

Xo <x',x"<x,+ H nén ho ham {yh (x)} lién tuc dong bac.
Theo b6 dé Arzela, tir { V, (x)} c6 thé trich ra mot day cac ham hoi tu déu tdi mot
ham lién tuc y = y(x) trén khoang d6. Ham y = y(x) chinh 1a nghiém cua phuong

trinh vi phan (1.1) thoa man diéu kién ban dau (1.2).

Pinh 1y ching minh xong.
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Nhan xét. Phuong phap dudng gip khuc Euler néi chung khéng cho ta tit ca cac
nghiém ctia phuong trinh (21)-(2.2). Thi du, moi ho dudng gap khiic Euler 4p dung

d ‘
cho bai toan Cauchy d—y =3[y, ¥(0)=0 déu hoi tu t6i nghiém y =0, vi vay ta
X

khong tim duoc tat ca cac nghiém ciia phuong trinh nay.
Duéi day chiing ta phéat biéu Pinh li Cauchy-Peano cho hé phwong trinh vi
phan (phuong trinh vi phan vecto).
Pinh li 1’. Gia sw
1. Ham f:D — R" lién tuc trén tdp D,
D:{(t,)c):z‘0 <t<t, +a,Hx—xOHSb}.

2. M va o la nhitng s6 sao cho

|f(@.x)|<M Y(t,x)eD, a= min(a,%) .

Khi dy phwong trinh vi phdn (1.1) ¢é it nhdat mét nghiém thoa man diéu kién ban

dau (1.2) trén doan [to,to + a].

Phuong phéap Euler tuy cho xdp xi nghiém cua bai toan Cauchy tuwong dbi
tho, nhung don gian, dé tinh toan, va khi 4 cang nho thi xap xi nghiém cang tot,
diéu nay duoc thé hién rd rang qua cac tinh toan cu thé trong cac vi du trinh bay
trong P4. Véi téc do cua may tinh hién nay, ta ciing c6 thé sir dung phuong phap
Euler trong cac bai toan thyc té, dic biét 1a dé minh hoa phuong phap sb trong

giang day mon phuong trinh vi phan.

Nhan xét rang c6 nhiéu cach dé di dén cong thirc (2.2), 1a co s¢ ciia phuong phap

duong gap khuc Euler (xem [8]).
2.1. Phwong phap Euler cai tién

Phuong phap Euler c6 tbc dd hoi tu cham, nd co thé cai tién nho d6 doc
trung binh trong mdi khoang nham ting toc dd chinh x4c nhu sau.

Trude tién, ta sit dung tiép tuyén clia duong cong qua diém (x,,y,):
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Y =J (X, Yo )(x —X0) + ¥,
dé tim gia tri x4p xi cta nghiém y = y(x) tai x=2x, (vakihigula y,) . Khi dé (
voi h=x,—x,):
J/l* = hf (x5, ¥0) + Yo-
Nhu vay, véi phuong trinh 3’ = f(x, ), ta im dugc d6 doc xap xi cia duong tiép
tuyén tai x=x, 1a y'(x) = f(x, yl*). Gia tri trung binh cua hai 46 déc £(x,, ;)
va  f(x, yl* ) cia tiép tuyén tai hai diem (xy,y,) va (x, yl* ) la

S (X, V) + f(xla)ﬁ*)

va phuong trinh cta dudng thang di qua

2
(X9, ¥p) vOi dd dbc f(xo’yo);f(xb)ﬁ ) 1a
_ f(xo,yo)"‘f(xl,yl*)

y (X —X0)+ g

2

Khi do, tai x = x; gia tri gan dung cia y = y(x) dugc tinh theo cong thirc trén 1a:

Y= f(xoayo)"z'f(xp)ﬁ )(xl — X))+ py = f(xoayO)';f(xp)ﬁ )h+y0.

Tiép tuc vdi cach lam nay, gia tri xap xi trong mo1 bude cua phuong phap Euler cai

tién phu thudc vao hai tinh toan:
yn = h'f(xn—lﬁyn—l) + yn—l

f(xn—lﬂyn—l)-i_f(xn’y:)
Yn = 2 h+yn—l

(2.6)

Tur cong thirc trén ta suy ra:

1 |
yi’H—] :yn +Eh'f(xnﬂyn)+§h’f(xn+lﬂyn +hf(xn’yn)) (27)

St dung cong thirc nay, ta tim duoc nghiém xap xi t6t hon so v&i phuong phap

Euler. Diéu nay s& dugc thiy rd trong cac vi du ¢ P4.

P3.PHUONG PHAP RUNGE - KUTTA
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Mot trong nhitng phwong phap sd giai phuong trinh vi phan hiéu qua, théng
dung va pho bién nhat trong cac bai toan ki thuat 1a phuong phap Runge-Kutta. Co
thé suy ra cac cong thirc trong phuong phap Runge-Kutta tir cong thirc xap xi tich
phan. Trong muc nay, khac véi cac tai liéu [1]-[6], ching t61 trinh bay phuong phap
Runge-Kutta xudt phat tir qui tic cau phuong theo [7]. Cach lam nay cho phép hiéu
cac phuong phap sb giai phuong trinh vi phdn mot cach nhat quan hon (xem [7]).
Pé 1am duoc diéu nady, trudc tién ching ta nhéc lai quy tdc cau phwong co ban

(basic quadrature rules).
3.1. Quy tic cau phuong co bin
b
Noi dung co ban cta quy tic cau phuong 1a: D¢ tinh tich phan I f(t)dt ta

thay f(¢) boi mot da thirc ndi suy (interpolating polynomial). Tich phan ctia ham
f(¢) trén doan [a,b] duoc xap xi bdi tich phan ctia ham da thuc (tinh dugc chinh
X4c).

Gia str ta c6 s diém ndi suy khac nhau C}5Cy,...,C, trong khoang [a,b]. Da

thirc ndi1 suy Lagrange bac nho hon s c¢6 dang (xem [1]):
p()=) f(c)L;(®),
j=1
trong do

¥ (t—c.
Lo=11 <(c4,- - c) )
Khi dy
b s
Jrodi=3 o f ).
a J=
Céc trong s @ ;. dugc tinh theo cong thire
b
o, = j L,(t)dt.

Néu s =1 thi da thirc ngi suy @(¢) = f(c,) vata co:

61



[f@&yde~ b -a)f(e).

Tandi dé chinh xdc (precision) cua quy tic cau phuong 13 p néu quy tic nay chinh

xac cho moi da thirc bac nhoé hon p, tic 1a voi moi da thirc P, (#) béac nho hon p

ta co:

b s
[R®di=3 0,/ (c).

Néu b—a=0(h) thi sai sd trong quy tic cAu phuong cia do chinh xdc p la

0(h”™).
Ta xét mot sb truong hop dac biét.

e Néuchon s=1va ¢,=a thitaco

cong thirc xap xi tich phan bai
dién tich hinh chir nhat ABCD:

[r@dt~@®-a)f(a).

Néu y(x) 1a nghiém cuia phwong trinh vi phan (1.1) - (1.2) thi:

x+h

Yo+ )=y = | f(5,x(s))ds.

Két hop véi cong thirc (3.1) ta di dén cong thic:
y(x +h) = y(x) = h.f(x, p(x)).

Tir dy ta lai ¢6 cong thire Euler tién da biét trong D2:

yn+1 :yn +hf(‘xn’yn)

(3.1)

(3.2)

e Néu chon s=1va c=b thi ta c6 cong thirc xap xi tich phan bai dién tich hinh chir

nhat ABEF:
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[r@at~®B-a)f ).

Tu day ta co:
y(x+h)=y(x)=h.f(x+h,y(x+h))
Suy ra cong thic Euler lui:

yn+1 :yn +h‘f(‘xn+17yn+l)‘

Hai phuong phap Euler tién va i 12 nhitng phwong phap Runge-Kutta bac nhit (co

d6 xap xi bac nhat).

e Néuchon s=2 va ¢, =a,c,=b thi L(t)= f=b va L,(t) = —a :
(a—Db) (b—a)
Suy ra
b b a2 _
wl:J'Ll(t)dt:J-t b di = I (-b) :b a
) Ya-0" @-b 2 | 2
va
b b N2l _
o, = [Ly0di= [~ dr= L (-ayy _b-a
) Sb—a) -a) 2 | 2
Chung t6
b
b—a
[ £t ==—=Lf(@)+ fB)].

x+h

Nhu vay néu xap xi tich phan I f (¢, y(t))dt boicong thuc trén (boi dién tich

hinh thang ABED) thi ta dugc:

x+h

J £t S G byt )+ £ (iG]

Tu day ta c6 cong thirc hinh thang:

h
yn+1 :yn +E[f(xnﬂyn)-i_f(xn+1’yn+l)]‘
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. a+ Z c qea 1
e Néu chon s=1 va ¢, = > thi ta c6 cong thuc xap xi tich phan bdi di¢n tich

hinh chitr nhat ABMN:

x+h

J £yt =hf (e 2 pr4 D),

X
Tu day ta co cong thirc tinh gia tri

xap xi nghiém ctia phwong trinh vi phan:

y<x+h)—y<x>=h.f<x+§,y<x+§>).

Ttr cong thirc trén ta co

h h

Cong thirc nay duoc goi 1a phwong phdp diém gitra (midpoind method).
Phuong phap diém gitta va phuong phap hinh thang 13 hai phuong phéap an, chiing
c6 d6 chinh xac p =2.

. a+b
e Néuchon s =3 va ¢ :a,czzT,c3=b thi, dat A=b—a, ta co:

b
(t— 212 -b)
L()=—2 PRI
a+b h?
(@0 a-b)
L0 =—— =0 - axi-b),
(-l -p)
b
(t—a)t—212)
Ly(t)= 2 o2 a2t
T beap-thy W

Suy ra:
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a+b

b o) b o) b
ml:le(z)dz:Fj(r— )(t—b)dtzﬁj.(t— b)dt

b)]dt_i[(t by’ IR NG)

b
3 2 2 ]

a

=—j[(r—

2(-a)} h

12 6

va

b 4" 40
o, :J.Lz(t)dt=?I(t—a)(t—b)dt=?J(t—a)(t—a+(a—b))dt

b
4 (t—-a) (t-a) B _4h
=7 [ 3 + 5 (a b)]a R

Do tinh chéat ddi xtng (hodc tinh truc tiép), ta co
W, =0 = ﬁ

6

Tir cic tinh toan trén ta di dén cong thirc Simpson:

a—l—b

ff(f)a’f~—[f(a) 4f () + (D))

Suy ra cong thirc xap xi nghiém ctia phuong trinh vi phan

y(x+h)—y(x)= —[f(x y) +4f(x+— d ,y(x + —)) +f(x+h,y(x+h))]
va cong thirc sai phan

yn+1—yn——[f(xn,yn)+4f(x +— ,y(x +— ))+f(xn+1,yn+1)]

Pay 1a cong thirc an cta phirong phdp Runge-Kutta kinh dién cdp bon (classical
fourth-order Runge-Kutta method).

2. Din t6i Phuong phap Runge - Kutta

Tinh y,., theo cong thuc an doi hoi tai mdi budc phai giai xap xi mot
phuong trinh phi tuyén, diéu nay khong don gian va c¢6 kha niang lam ting sai s,
nén ta c6 ging xay dung cac cong thirc Runge-Kutta hién tir cong thirc hinh thang
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an, cong thuc diém gitta an va cong thirc Runge-Kutta kinh dién cap bon an tuong

ung nhu sau.
e Trong cong thire hinh thang an:
h
yn+1 = yn + E[f('xnayn) + f('xn+1’yn+1)]

ta thay gia tri y ., © vé phai bang cong thirc Euler tién:

j>n+1 :yn +hf(‘xn’yn)
Khi ay ta duoc cong thirc:

yn+1 [f(xnﬂyn)+f(xn+19yn+1)]

Cong thirc ndy dwoc goi 1a phwong phdp hinh thang hién (explicit trapezoidal
method).

. . . h .
¢ Bang cach str dung xap xi bac nhat cia y(x, + 5) theo phuong phap Euler tién:

n+f
2
va thay vao cong thiic ctia phuong phap diém giita an
h
yn+1 yn+h[f(x +—= 7y('x +_)]
ta nhan duoc phirong phdp diém gitka hién (explicit midpoint method):

h
Y1 = yn+hf(x +§>y 1)

o

e Tir phuong phap Runge-Kutta an cip bon kinh dién

Yot =Vn = —[f(xn,yn)+4f(x +— 9y(x + ))+f(xn+1’yn+1)]

ta c6 cong thirc Runge-Kutta hién bac bon kinh dién sau:
h
Vst :yn+g(k1+2k2+2k3+k4),n:0,1,2,... (3.3)

trong do:
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k= (x5

}21 h?c 34
ky = +—,y, +—2);
3 f(xn 2 yn 2 )

ky =1 (x5, + hks).
Nhu viy, dé tinh duoc V,.; theo cong thirc Runge-Kutta hién, ta chi can tinh cc hé
s0 k,, i=1,2,3,4 theo gi4 tri cia ham s6 f(x,y) tai cac diém trudc do. Viée ndy
c6 thé d& dang thyc hién dugc trén chuong trinh Maple qua céc thi du trong D4 dudi
day.
P4. GIAI BAI TOAN CAUCHY CHO PHUONG TRINH VI
PHAN TREN MAY TiNH PIEN TU

Do duogc cai dat cac 6 nhd, may tinh khoa hoc Casio fx-570 ES rt thuan tién
cho viéc thyc hién céac thao tic qua trinh lip. Cong thirc tinh x4p xi nghiém theo
phuong phap Euler (2.2), phuong phap Euler cai tién (2.7) va va phuong phéap
Runge-Kutta (3.3) cho thdy, viéc giai gan dung phuong trinh vi phan (1.1)-(1.2)
thuc chét 1a thuc hién mot qua trinh Iap, vi vay co thé dé dang thuc hién tinh toan

trén may tinh khoa hoc Casio fx-570 ES hodc lap trinh trén Maple.

Dudi day chung t6i sé trinh bay cach gidi bai toan Cauchy cho mét phuong
trinh vi phan bang phuwong phap Euler, Euler cai tién va phuong phap Runge-Kutta
véi cac budc ndi suy khac nhau trén may tinh khoa hoc Casio FX-570 ES va trén

Maple.

Bai 1. St dung phuong phap Euler, phuong phap Euler cai tién va phuong phap

Runge-Kutta voi do dai busc h=0,1 va h=0.05 dé tim xdp xi nghiém cua

phuong trinh ? =x +)” théa man diéu kién ban dau y(0)=0 trén doan [0;1].
X

dy

Phai tim nghiém cua phuong trinh d—zxz—i- y2 v6i diéu kién ban dau
x

x,=0,y,=0.
Vé6i h=0,1 taco:
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Yot =B (%,,2,) + 9, =017 + y2) + .

Ta co:
Y= O,l(xi + y(z)) + ¥, =(0,1).(0).(0) +0=0.
Véi x,=x,+h=0,1:
¥ =0,1(x + 37 )+ 3 = (0,).(0,1> +0%) + 0 =0,001.

Tiép tuc nhu trén, ta tinh duoc cac gia tr1 y, theo cong thirc:

Y = (%7, + 3, =015+ y) + 3, (4.1)
Thuc hién phép lap (4.1) trén Casio fx-570 ES:
Khai bao cong thuc y, , = O,l(x,f + y,f) +y,:

0.1[( [ALprAl X [] [ (Arera) ¥ 7] ] ] (ALera) [

Trong qui trinh nay, ta da ding 6 nhé [X] dé chura gia tri x, va cac 6 nhé dé

chtra gia tricua y, .
Dung dé tinh gia tri ctia Ve
May hoi: X?
Khai b4o x, =0: BAm phim 0[=]
May hoi: Y?
Khai bao y, =0: B4m phim 0[=](0)
Két qua trén man hinh 13 0, tic 1a
¥, =0,1(x5 + ¥5) + ¥, =0,1(0* +0°) +0=0.
Pua két qua y, =0 vao 6 nhé [Y]:
Tré vé cong thire (4.1): BAm phim [A]
Quy trinh:
Tinh tiép:
May hoi: X?  Khai bao x, =0.1: Bam phim 0.1 [=]

68



May hoi: Y?  Bam phim E (=0 vidaco san trong 6 nho nén khong can
khai bao lai).

Két qua hién trén man hinh: L, tuc la
1000

v, =0,1(x; + ¥7)+y,=0,1(0,1> +0°) + 0 =0, 1.
Pua két qua vao 6 nhé [Y]:
Tré vé cong thirc ban dau: [A]

Lip lai quy trinh véi thay d6i duy nhat 12 khi may hoi X? thi ta khai bao cac gia tri
tiép theo: 0.2; 0.3; 0.4;...;1.0 ta s& dugc bang gia tri nhu trong bang sau.

no| Xy | Vn n Xn Y

1 0 0 6 0,5 0,05511234067

2 10,1 1 7 0,6 0,09141607768
1000

3 0,2 5,001x107? 8 0,7 0,1412517676

4 10,3 0,0140026001 9 0,8 0,2072469738

5 0,4 0,03002220738 10 |09 0,2925421046

Thuc hién phép lap (4.1) trén Maple 7:

Trong Maple, d¢ tim cac gia tri y; theo cong thuc 1ap ta co thé sir dung mac
dinh (option) remember (nhd). Mac dinh nay cua Maple cho phép nh¢ céc gia tri cli
dé tinh »,>»ma khong can tinh lai giatri y, ;.

Trudc tién ta khoi dong chuong trinh Maple nho 1€nh restart:
[> restart;
Khai bao ham f:
[> f:=(x,y)->x"2+y"2;

f= ) > xt+)y?
Khai bao budc noi suy 2=0,1:
[> h:=0.1;

h=.1

Khai bdo céach tinh céc gid tri cua x,,, =x, +h (voi x, =0):
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[> x:=n->n*h;
x:=n—>nh

Khai bao gia tri ban dau cua y :

[> y(0):=0;
y(0):=0

Khai bao thu tyc tinh  y, theo mac dinh remember (nh¢):
[> y:=proc(n) option remember;
[> y(-1)+h*f(x(n-1),y(n-1));
[> end;
y :=proc(n) option remember, y(n — 1)+ hxf(x(n— 1), y(n—1)) end proc
Khai bao 1énh seq (sap xép theo diy) dé sap xép cac ia tri Yy, Viserr Vos Vio -
[> seq(y(i),i=0..10);

0, 0.,.001, .0050001 .01400260010.03002220738.05511234067.09141607768
1412517676.2072469738.2925421046

Ta thay két qua nay hoan toan trung lip v&i két qua tinh trén mdy tinh khoa hoc
Casio fx-570 ES.

Pé so sanh cac két qua nay v6i nghiém chinh xac, ta dung 1énh dsolve (giai phuong
trinh vi phan) dé tim nghiém chinh xac nhu sau:

Vao goi cong cu Detools (cong cu Phuong trinh vi phan):

[> with(DEtools):

Tim nghiém dung cuia phuong trinh vi phan nho 1€nh dsolve va ki hiéu nghiém la
Sol:

[> Sol:=dsolve({diff(Y(X),X)=X"2+Y(X)*2,Y(0)=0},Y(X));

31, 31,
X{—Bessel e EX J+ Bessel E EX ]
Sol =Y (X)=-

Besself 11 x2 )+ Bessely |, L x2
esse 49 esse 49

. d x
Ta thay rang, phuong trinh vi phan d_y =x+ y2 hoan toan khong de¢ gidi: nghiém
x

ctia nd duoc biéu dién thong qua ham dic biét Bessel. Chi y rang, trong 1énh tim
nghiém chinh xac, ta 3 dung nhiing chit ci in hoa dé tranh su tring l3p v6i nghiém
Xap xi.
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An dinh cong thirc nghi¢m nho I€nh assign:

[> assign(Sol);

Dung lénh array (1ap mang) dé tao bang nham so sanh gi tri gan dung (tinh theo
cong thirc Euler) va gia tri dung cua nghiém (tinh theo cong thirc nghiém):

[> array([seq([n,y(n),evalf(subs(X=n/10,Y(X)))],n=0..10)]);
0 0 0. ]
1 0. .000333334906
2 .001 002666869814
3 .0050001 .009003473190
4 .01400260010 .02135938017
5 .03002220738 .04179114620
6 .05511234067 .07244786118
7 09141607768 .1156598536
8 .1412517676 1740802646
9 .2072469738  .2509066824
0 .2925421046  .3502318440 |

|1
Trong bang nay, cot thir nhat 1a sd bude lip, cac sb trong cot thtr hai twong Gmg 13
gia tri xap xi, cac sb trong cot thir ba 13 gia tri theo cong thirc ding.

Ta thiy két qua tinh toan theo cong thirc Euler c6 sai s6 kha 16n so v6i nghiém

chinh xac.
Vé6i h=0,05 ta co:
Y = (%, 9,)+ 3, =0,05(x> + y*) + ,.
Tuong tw, c6 thé tinh y,,, = 0,0S(xi + yi) +y, trén Casio fx-570 ES bang cich

khai bao

0.05[(] [ALPHA] [X] [ x| [+] [ALPHA

va thao tac hoan toan nhu trén, nhung vai s6 budc nhidu gap doi (20 bude) ta dugc

bang két qua dudi day.
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1 0 0 11 0,5 0.0482462821
2 0,05 1 12 0,55 0.06348766728
8000
3 0,1 6,250007813x107* 13 0,6 0.08168920148
4 0,15 1.750020313x10* 14 0,65 0.1031478578
5 0,2 3.750173441x107* 15 0,7 0.1281798318
6 0,25 6.875876631x10°° 16 0,75 0.1571263353
7 0,3 0.01137824052 17 0,8 0.1903607695
8 0,35 0.01750971373 18 0,85 0.2282976306
9 0,4 0.02552504324 19 0,9 0,271403621
10 |0,45 0.03568261963 20 0,95 0.3202116173
Tinh toan trén Maple:

Khai bao vé phai ctia phuong trinh (ham /):
[> fi=(x,y)->X 24y 2;
f= ) > 2P+
Khai bao budc ndi suy h=0.05:
[> h:=0.05;
h:=.05
Khai bao cong thure tinh x = x,+ 2 x, (voi x, =0):

[> x:=n->n*h;

x=n—>nh

Khai bao thu tyc tinh gid tri y, theo cong thitc Euler:

[> y:=proc(n) option remember;
[> y(n-1)+h*f(x(n-1),y(n-1));

[> end;

y :=proc(n) option remember, y(n — 1)+ hxf(x(n— 1), y(n— 1)) end proc

Khai bao gia trj ban dau:
[> ¥(0):=0;
y(0):=0
Lap day cac gia tri caa y tu 0 t6i1 20:
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[> seq(y(i),i=1..20);

0.,.000125 .0006250007810.001750020313.00375017344].00687587663]
.01137824052.01750971374.02552504324.03568261963.04824628209
.06348766727.08168920147.1031478578.1281798318.1571263353.1903607696
.2282976307.271403621] .3202116174

Vao gbi cong cu Phuong trinh vi phan DEtools:

[> with(DEtools):

Tim nghiém ding ctia phuong trinh vi phan nho 1énh dsolve :

[> Sol:=dsolve({diff(Y(X),X)=X"2+Y(X)"2,Y(0)=0},Y(X));

[ Bessel{ ij + BesselY(
Sol=Y(X)=

11
Bessel{ ij + BesselY(4

42

An dinh cong thtrc nghiém:

[> assign(Sol);

élXZ
4’2

~x?
2"

Lap méang dé so sanh gi tri gan dung (tinh theo cong thirc Euler) va gia tri ding cta

nghiém (tinh theo cong thirc nghiém):

[> array([seq([n,y(n),evalf(subs(X=n/20,Y(X))],n=0..20]);

0] (0] 0. ]
1 0. .00004166662214
2 000125 .0003333349060,
3 .0006250007810 .001125027190
4 .001750020313 002666869814
5 .003750173441 .005209302335
6 006875876631 .009003473190
7 01137824052 01430188852
8 01750971374 02135938017
9 02552504324 .03043446027
10 03568261963 04179114620
11 04824628209 05570133762
12 06348766727 07244786118
13 08168920147 .09232831036
14 .1031478578 1156598536
15 1281798318 1427852338
16 1571263353 1740802646
17 .1903607696 .2099632190
18 2282976307 .2509066824
19 2714036211 2974526313
120 3202116174 3502318440 |

Két qua trung khép véi két qua tinh toan trén Maple, co sai khac mot don vi & chix

s6 thap phén tht 10 (do lam tron sb).
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Ta thdy phuong phap Euler véi sb bude ldp nhiéu hon (20 bude, 4 =0.05) cho két

qua chinh xéc hon.

Tinh theo phuong phap Euler cai tién trén mdy tinh khoa hoc Casio FX-570
ES:

Khai bao cong thure

Bt =+ G ) £, + 5,00,

= 3, + 0,050 + 2 + 2, + (3, + 0,1(x2 + 12))?) (3-2)

voi h=0.1( %hz0.0S):

[ALPHA] [Y] []0.05](| [ALPHA] [X] |x” | [+] [ALPHA ALPHA] [A] |x*

[( [aLPHA] [¥] []0.1[( [ALPHA] [x] |x* | [+] [ALPHA x2| ) [SHIFT

(Trong cong thirc nay ta da st dung 6 dé luu x,, 0 dé luu y, va cho

Xpi1)-

Bam phim (calculate- hdy tinh) dé tinh gia tri ctia V-
May hoi: X?

Khai bdo x, =0: BAm phim 0[=]

May hoi: Y?

Khai bao y, =0: BAm phim 0[=]

May hoi: A?

Khai bao x, =0,1: Bam phim 0.1[=]

. |
Két qua trén man hinh: ——, trc 1a

Y, =¥, +0,05(xg + yg +x; + (3 +0,1(x; + y3))?)
=0+0,05(0> + 0 +0,1> + (0 + 0,1(0> + 0%)%) = 0,0005.

Dua két qua y, =0,0005 vio 6 nhé [Y]:
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Tré vé cong thirc (3.2): BAm phim @

Tinh tiép:

May héi: X?

Khai bao x; =0,1: Bam phim 0.1[=]

May hoi: Y? Bam phim [=] (vi y, =0,0005 di & trong 6 nhé nén khong can
khai bao lai).

May héi: A?

BAm phim 0.2[=]

Lap lai quy trinh véi thay d6i 1a khi may hoi X? (A?) thi khai bao cac gia tri tiép
theo: 0.1 (0.2); 0.2 (0.3); 0.3 (0.4); 0.4 (0.5);...; 0.9 (1.0) ta s€ dugc bang gia tri

dudi day (trung v6i két qua tinh trén Maple dén chit s6 cudi cliing).

n Xn-1 Yn no | X Y

1 0 1 6 0,5 0.07344210065
2000

2 0,1 3.000125004 x107° 7 0,6 0.116816584

3 0,2 9.503025759x10° 8 0,7 0.1753963673

4 0,3 0.02202467595 9 0,8 0.2523742135

5 0,4 0.04262140863 10 109 0.3518301325

Tinh toan trén Maple:

Khéi dong chuong trinh:

[> restart;

Khai bao vé phéi ciia phuong trinh (ham £ ):
[> £:=(xy)->X"2+y"2;

S= () >+
Khai bdo budc ndi suy h=0.1:
[> h:=0.1;
h=.1

Khai bao cong thuc tinh x, =x, +nh:
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[> x:=n->n*h;

x=n—>nh
Khai bdo thu tyc tinh gid tri y, theo cong thirc Euler cai tién:
[> y:=proc(n) option remember;

[> y(-D)+h/2*(f(x(n-1),y(n-1))+ f(x(n),y(n-1)+h*f(x(n-1),y(n-1))));

[> end;

y :=proc(n)
option remember,
y(n—1)+

12xhx(f(x(n = 1), y(n = 1)) + f(x(n), y(n = 1) + hxf(x(n = 1), y(n = 1))))
end proc

Khai bao gia trj ban dau:
[> ¥(0):=0;
y(0):=0
Lap day cac gia tri cua y tur 0 té1 10:
[> seq(y(i),i=0..10);

0, .0005000000000.003000125004.009503025759.02202467594.04262140863
.07344210065.1168165840.1753963673.2523742134.3518301325

Vao gbi cong cu Phuong trinh vi phan DEtools:
[> with(DEtools):
Tim nghiém dung cua phuong trinh vi phan nho 1énh dsolve:

[> Sol:=dsolve({diff(Z(X),X)=X"2+(Z(X))"2,Z(0)=0},Z(X));

31
( Bessel{ X2j+ BesselY(4 2X2D
Sol =7(X)=— 1
- o y2 Sty
Bessel(4 2X )4‘ BesselY(4 2X)

An dinh cong thirc nghiém:

[> assign(Sol);

Lap mang dé so sanh gid tri gan dung (tinh theo cong thirc Euler) va gi tri diing ctia
phuong trinh (tinh theo cong thirc nghiém):

[> array([seq([n,y(n),evalf(subs(X=n/10,Z(X)))],n=0..10]);

76



0 0. )
.0005000000000 .000333334906
003000125004 .002666869814
009503025759 .009003473190
02202467594  .02135938017
04262140863  .04179114620
07344210065  .07244786118

1168165840 1156598536
1753963673 1740802646
2523742134 2509066824
3518301325 3502318440 |

S O 0 N N L AW NN~ O

—

Két qua tinh toan trén Casio fx-570 ES hoan toan trung khép véi két qua tinh toan
trén Maple. Hon nita, chi can véi h=0.1, phuong phap Euler cai tién di cho két qua
t6t hon phuong phap Euler véi h=0.05.
Tuong tu, ta ciing di tinh xap xi nghiém nho phuong phap Euler cai tién trén Maple
khi h=0,05 nhu sau.
Khéi dong chuong trinh:
[> restart;
Khai bao vé phai cia phuong trinh (ham [ ):
[> f:=(x,y)->x"2+y"2;
f=(xy)—>x*+)°

Khai bao budc ndi suy h=0.05:
[> h:=0.05;

h :=.05
Khai bao cong thuc tinh x, =x, +nh:
[> x:=n->n*h;

x=n—>nh

Khai bdo thu tyc tinh gid tr1 y, theo cong thirc Euler cai tién:
[> y:=proc(n) option remember;
[> y(m-D)+h/2*(f(x(n-1),y(n-1))+ f(x(n),y(n-1)+h*f(x(n-1),y(n-1))));

[> end;
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=proc(n)
option remember,
y(n—1)+

12xhx(f(x(n—1),y(n— 1))+ f(x(n), y(n— 1)+ hxtf(x(n—-1),y(n—1))))
end proc

Khai bao gia trj ban dau:
[> y(0):=0;
y(0):=0
Lap day cac gia tri cua y tur 0 to1 20:
[> seq(y(i),i=0..20);
0, .00006250000000.0003750009768.001187523634.002750192592.005313445880
.009128432478.01444766188.02152597185.03062188483.04199943062

.05593052466.07269800874.09259948706.1159521276.1430986522
.1744148130.2103187590.2512828469.2978486637.3506463408

Vao gbi cong cu Phuong trinh vi phan DEtools:
[> with(DEtools):
Tim nghiém dung cua phuong trinh vi phan nho 1énh dsolve:

[> Sol:=dsolve({diff(Z(X),X)=X"2+(Z(X))"2,Z(0)=0},Z(X));

31
( Bessel{ X2j+ BesselY(4 ZXZD
Sol =7(X)=— 1
I 72 Sty
Bessel(4 2X )4‘ BesselY(4 ZX)

An dinh cong thiic nghié¢m:

[> assign(Sol);

Lap mang dé so sanh gi tri gan dung (tinh theo cong thirc Euler) va gi tri diing ctia
phuong trinh (tinh theo cong thirc nghiém):

[> array([seq([n,y(n),evalf(subs(X=n/10,Z(X)))],n=0..20]);
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"0 0 0. i
1 .00006250000000 .00004166662214
2 .0003750009768 .0003333349060
3 .001187523634 .001125027190
4 .002750192592  .002666869814
5 .005313445880 .005209302335
6 .009128432478  .009003473190
7 01444766188 01430188852
8 02152597185 02135938017
9 03062188483 03043446027
10 .04199943062 04179114620
11 05593052466 05570133762
12 07269800874 07244786118
13 09259948706 09232831036
14 1159521276 1156598536
15 1430986522 1427852338
16 1744148130 1740802646
17 2103187590 2099632190
18 2512828469 2509066824
19 2978486637 2974526313

120 3506463408 3502318440 |

Két qua tinh toan trén Casio fx-570 ES hoan toan trung khép véi két qua tinh toan

trén Maple. Vi cung s bude lip (n=20, h=0.05), phwong phap Euler cai tién cho

két qua tot hon phuong phap Euler rat nhiéu.

Phuong phap Runge-Kutta cip bon

Tacod f(x,))=x"+)" , X, =0,y, =0, ap dung cong thirc (3.3)-(3.4) ta duoc:

va

yn+l

k3:f(xn+_

ky,=f(x,,y, +hk;) :an

kl:f(xni’yn):xz-'_y}f

k2:f(xn+_

hkl) - 1) o Olk)

hkz) (x4 1)+( Olk)

+(y, + O.1k3)

[k + 2k, + 2k, + k] = yn+—[k + 2k, + 2k, + k]

Khoi dong chuong trinh:
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[> restart;

Dinh nghia yrk ( tinh y theo Runge-Kutta):
> yrk:="yrk';
yrk:=yrk

Khai bao vé phai cia phuong trinh (ham  f):
[> f:=(x,y)->x"2+y"2;

f=xy) >+
Khai bao budc ndi suy h=0.1:
[> h:=0.1;

h=.1

Khai bao cong thuc tinh x, =x, +nh:
[> x:=n->n*h;

x=n—>nh
Khai bao thu tyc tinh gia tr1 y, theo cong thirc Runge-Kutta cap bon:

> yrk:=proc(n)

> local k1,k2,k3,k4;

> option remember;

> k1:=f(x(n-1),yrk(n-1));

> k2:=f(x(n-1)+h/2,yrk(n-1)+h*k1/2);
> k3:=f(x(n-1)+h/2,yrk(n-1)+h*k2/2);
> k4:=f(x(n),yrk(n-1)+h*k3);

> yrk(n-1)+h/6*(k1+2*k2+2*k3+k4)
> end;

yrk = proc(n)

local kl, k2, k3, k4,
option remember,
kl =f(x(n—1), yrtk(n—1));
k2 :=1(x(n— 1)+ 12xh, yrk(n — 1) + 1/2xhxkl); end proc
k3 :=1f(x(n— 1)+ 1/2xh, yrtk(n — 1) + 1/2xhxk2);
k4 =1f(x(n), yrtk(n — 1)+ hxk3);
yrk(n — 1)+ 1/6xhx(kl + 2xk2 + 2xk3 + k4)
Khai bao gia tri ban dau:
[> y(0):=0;
y(0):=0
Lap day céc gia tri cua y tir 0 t6i 10:
[> seq(yrk(i),i=0..10);
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0,.0003333348958.002666875369.00900349813]1.02135944733.04179128848
.07244812485.1156603048.1740810040.2509078684.3502337417

Vao gbi cong cu Phuong trinh vi phan DEtools:
[> with(DEtools):
Tim nghiém dung cua phuong trinh vi phan nho 1€nh dsolve:

[> Sol:=dsolve({diff(Z(X),X)=X"2+(Z(X))"2,Z(0)=0},Z(X));

S()l . Z(X) —

B 111)(2 + Bessel llX2
esse ) esse )

An dinh cong thtrc nghiém:

[> assign(Sol);

Lap mang dé so sanh gia tri gan dung (tinh theo cong thirc Runge-Kutta) va gia tri
ding cua phuong trinh (tinh theo cong thirc nghiém):

[> array([seq(|[n,yrk(n),evalf(subs(X=n/10,Y(X)))],n=0..10)]);
0 0 0.

1 .0003333348958 .000333334906
2 .002666875369 .002666869814
3 .009003498131 .009003473190
4 .02135944733  .02135938017
5 .04179128848  .04179114620
6 .07244812485 .07244786118
7 1156603048 1156598536
8 1740810040 1740802646
9 2509078684 2509066824
10 3502337417 3502318440

So sanh cac két qua cua phuong phap Runge-Kutta cip 4 trong bang trén voi két
qua da thyc hién theo phuwong phap Euler va phuong phap Euler cai tién, ta thiy
rang phuong phap nay cho két qua chinh xac hon tai mdi diém so voi phuong phap
Euler va phuong phéap Euler cai tién. Véi s6 budc it (n=10, h=0.1) ta da thu dugc
két qua tdt hon phwong phap Euler cai tién véi s6 bude gap doi (n=20, h=0.05).
Hoan toan tuong tu (v6i thay doi duy nhat trong chwong trinh 1a khai bao lai budc
ndi suy h=0.05), ta c6 thé tinh theo phuong phap Runge-Kutta véi sé budc n=20
(h=0.05) nhu sau.

Khéi dong chuong trinh:
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[> restart;
Dinh nghia yrk ( tinh y theo Runge-Kutta):
[> yrk:="yrk';

yrk:=yrk
Khai bao vé phai cta phuong trinh (ham  f):
[> £:=(x,y)->x"2+y"2;

f=xy)>x+y°
Khai bdo budc ndi suy h=0.1:
[> h:=0.05;
h :=.05

Khai bo cong thuc tinh x, =x, +nh:

[> x:=n->n*h;

x=n—>nh
Khai bao thu tyc tinh gia tri y, theo cong thirc Runge-Kutta bac bon:

[> yrk:=proc(n)

[>local k1,k2,k3,k4;

[> option remember;

[> k1:=f(x(n-1),yrk(n-1));

[> k2:=f(x(n-1)+h/2,yrk(n-1)+h*k1/2);
[> k3:=f(x(n-1)+h/2,yrk(n-1)+h*k2/2);
[> k4:=f(x(n),yrk(n-1)+h*k3);

[> yrk(n-1)+h/6*(k1+2*k2+2*k3+k4)
[> end;

yrk = proc(n)

local kl, k2, k3, k4,
option remember,
k1 :=1(x(n—1), yrk(n—1));
k2 :=1f(x(n— 1)+ 1/2xh, yrk(n — 1) + 1/2xhxkl); end proc
k3 :=f(x(n— 1)+ 1/2xh, yrk(n — 1) + 1/2xhxk2);
k4 :=1f(x(n), yrk(n — 1)+ hxk3);
yrk(n — 1)+ 1/6xhx(kl + 2xk2 + 2xk3 + k4)
Khai bao gia tri ban dau:
[> y(0):=0;
y(0):=0
Lap day céc gia tri cua y tur 0 toi 20:
> seq(yrk(i),i=0..20);
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0,.0000416666788,7.000333334963,7.001125027316.002666870382.005209303462
.009003475092.01430189176.0213593850].03043446755.04179115619
.0557013512).07244787939.09232833422.115659884] .1427852732
.1740803146.2099632826.2509067623.2974527325.3502319724

Vao gbi cong cu Phuong trinh vi phan DEtools:
[> with(DEtools):
Tim nghiém diung ctia phuong trinh vi phan nho 1énh dsolve:

[> Sol:=dsolve({diff(Z(X),X)=X"2+(Z(X))"2,Z(0)=0},Z(X));

31
( Bessel{ X2j+ BesselY(4 ZXZD
Sol =7(X)=— 1
I 72 Sty
Bessel(4 2X )4‘ BesselY(4 ZX)

An dinh cong thtrc nghiém:

[> assign(Sol);

Lap mang dé so sanh gia tri gan dung (tinh theo cong thirc Runge-Kutta) va gia tri
dang cua phuong trinh (tinh theo cong thirc nghiém):

> array([seq(|n,yrk(n),evalf(subs(X=n/20,Y(X)))],n=0..20)]);
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"0 0 0. i
1 .00004166667887 .00004166662214
2 .0003333349637 .0003333349060
3 .001125027316 .001125027190
4  .002666870382  .002666869814
5 .005209303462 .005209302335
6 .009003475092  .009003473190
7 01430189176 01430188852
8 02135938501 02135938017
9 03043446755 03043446027
10 .04179115619 04179114620
11 05570135121 05570133762
12 07244787939 07244786118
13 09232833422 09232831036
14 1156598841 1156598536
15 1427852732 1427852338
16 1740803146 1740802646
17 2099632826 2099632190
18 2509067623 2509066824
19 2974527325 2974526313

120 3502319724 3502318440 |

Cac két qua cua phuwong phap Runge-Kutta cdp 4 13 tot hon rat nhiéu so voi két
qua da thuc hién theo phwong phéap Euler va phuong phap Euler cai tién véi cing sb
budc (n=20, h=0.05) va tét hon phuong phip Runge-Kutta véi sé budc it hon
(n=10, h=0.1).
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KET LUAN

Luan vin trinh bay ngin gon cac phuong phap sb giai phuong trinh phi tuyén
va phuong phap Euler, phuong phap Euler cai tién va phuong phap Runge-Kutta
giai bai toan gia tri ban dau ctia phuong trinh vi phan. Pic biét, qua mot s6 bai toan
cu thé, luan van trinh bay chi tiét cac thao tac thuc hién qui trinh tinh todn trén may
tinh dién tir khoa hoc Casio fx-570 ES va trén chuong trinh Maple giai mot sd
phuong trinh phi tuyén va phuong trinh vi phan thuong. Cac thao tic nay co thé
dugc coi 1a cac chuwong trinh mau dé giai cic bai toan khac (chi can khai bao lai
phuong trinh can giai).

Tinh toan theo cac phuong phép khac nhau va cac cong cu khac nhau cho
phép ching ta hinh dung rd hon cac két qua li thuyét (su hoi tu, do chinh xac, toc do
hoi ty,...), dong thoi ciing cho chung ta thay r& hon cic diém manh diém yéu cua
mdi phuwong phap khi thuc hién cy thé trén may tinh.

Chung ta ciing nhan thiy rang, viéc thuc hanh tinh toan giai phuong trinh phi
tuyén va phuong trinh vi phan trén may tinh, thdm chi trén may tinh dién tir khoa
hoc (gia ré, thao tac don gian), rat dé dang, hoan toan c6 thé thuc hién duoc trén cac
gid bai tap hodc thyc hanh trén 16p, tham chi cho hoc sinh phé thong (giai gan dung
phuong trinh). Diéu nay cho phép co thé thay d6i hodc bd sung chuong trinh day va
hoc todn trong truong phd théng va dai hoc hién nay theo huéng phét huy tinh tich
cuc cua hoc sinh, sinh vién va gén cac kién thuc li thuyét v61 thuc hanh tinh toan
trén may ciing nhu gin cac kién thirc co ban véi sy phat trién cta cong nghé hién
dai. Hy vong rang, cic chuong trinh mau trong ludn vin cé thé dugc st dung trong

cac mon Phuong phap sé giai phuong trinh phi tuyén va phuong trinh vi phan.
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