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Chuong |

cic BAI TOAN HINH HOC PRANG
GlAI BANG PHUONG PHAP VECTO

—(Bai1 }—

Cho AABC c6da= BC b = CA, ¢ = AB. Tinh:

Z =a.IA +b.IB2+C 1C% theo a, b,c
(v6i I la tam dudng tron noi tiép AABC)
(Dé thi Olympic Todn Qudc té)

‘GIAI

Ta cé: ZP_=




Hdnv nita:
Vit 1D £ TB+ BD = IC +CD
BD.ID = BD.IC +BD.CD
= (CD + BD)ID = CD.IB + BD.IC +

= a.ID = CD. IB+BD IC

— b —
ID = iB IC
- b+c +b+c

CD. BD+ BD. CD

0

Vi Bl 1a phan gidc trong AABD nén:

—  ID— BD —

ID=-—JA = - ==IA
1A cC

a —_—

= - IA
. b+ec

5 _ 2 Z_ b . i@
b+c b+e¢ b+ec

= a.JA+b.IB+c.IC =
(a IA +b.IB +ec. iﬁ) =.0
= a’.JA? +b2.IB? +¢.IC? 4 2ab TA . TB
" +2bc.IB.IC +2ca.IC.TA = 0
= a’IA” + b®.1B? + ¢*.1C” + ab(IA” + IB? - ¢?)
+be(IB? +IC* - a%) + ca (IC? + IA® - b?) = 0

= (a +-b+c)(a.IA'2+b.IB2+c.ICz)—abc(a+b+c)=O
= S =a.IA’ +b.IB" +c.IC* = abc .




Chut y: Theo két qua trén ta c6:
Z = abc

‘= abc > abc(IA.IB.IC)

= (abc)’ > 27(abc)(IA.IB.IC)*
= abc > 3/3.1A.IB.IC

Diu“=" & a.IA?=b.IB* =1C? = 2°
1a2 = 2¢
3
& 1132=E§l & AABCdéu
2_2ab
IC = 3

Pay chinh 1a dé thi Olympic Todn Quéc t& (duge gidi thiéu
trong cudn sach “Tuyén tdp 200 bai toan thi Vb dich Toan (Tdp 2
- Hinh hoc) ctia cdc tdc gid Pao Tam, Nguyén Quy Dy, Luu Xuén
Tinh, nha xudt bin Gido duc nam 2001”.

(Bai2)
Cho lyc gidc déu A, A, A A, A, A, tam I, hinh tron (O, R) bét ky
chita I. Céc tia IA, cét (O, R) tai B, (i =1,0). Tinh theo R tdng sau:

Y =1B} + IB} + IB] +IB; +IB; + IB;

(Dé thi dé nghi Olympic 30-4)

GIAI

Truéc tién ta ching minh bé dé sau:

Bé dé: Cho AABC déu ndi ti€p dudng tron (O, R). Khi dé6
moi diém M ¢+ (0)), tdng MA® + MB? + MC? khong d6i.




Qua vay:
MA? + MB® + MC? = (MO, + 0,A) + (MO, +0,B) + (MO, + 0.0)

= 3MO} +2MO,|0,A + 0,B + O,C|+ O,A” + O,B* + 0,C? = 6R?

0

Quay lai bai todn:

Goi H, J, K 1an lugt 14 hinh chiéu

vudng géc cia O xudng B,B,, B,B,,

B,B,. Dé théy riing c4c diém O, L, J,

A H, K nam trén dudng tron dudng

5 kinh OL Do dé thély ngay AHJK déu.
Khi 4d6:

TH? + 1% + IK® = OH” + 0J2 + OK?
(Do b6 dé trén)

Mait khac:
——e 2 - ——e —_—2
1B + IB: = (HB, - Hi) +(HB, - HI)
— HB? + HB? - 2Hi|HB, + HB, | + 2HP
_—_ﬂf_——J

0

— OB? - OH? + OB? — OH? + 2IH®
=2R? — 20 + 211
Chiing minh tuong tu: ,
IBZ + IB? = 2R? — 20J? + 21J*
IBZ + IBZ = 2R* - 20K? + 2IK®
= 3= 6R* —2(OH? + 0J* + OK?) + 2(1J* + IK® + IH?)

- 6R2 . )
Vay: Z£ 6R?

10




—{ Bai3 }

Cho duding tron (0) véi hai day AB va CD c§t nhau tai M. Qua
trung diém S cha BD ké SM cit AC tai K. Ching minh ring:

- AM* _ AK
CM? CK
(Pé thi dé nghi Olympic 30-4)
GIAL
C .

B

\ CK

A D MK = MA + AK

. AK MK = AK.MC + AK.CK
CK.MK = CK.MA +CK.AK

AK.CK +CK.AK

0

= AC._’MT{ = AK.MC + CK.MA +

— AK CK.
MK = —MC +=——MA
= ac "t ac
1 — 1
= e MOt A A
AK CK
- X MC+—_MA (1)
1+x + X ,
Do: MK | MS nén MK =IMS(1eR) = (MBS + MD)
Hon nia: MA.MB=MC.MD=a
=1 MY MR- MA- 2 MC ()
MB = & 2MA 2MC

CZ

11




Tu (1) va (2) suy ra:

1 al
1+x  2MA? _ MA?

x ___a T *Tymcor = Prem)
1+x 2MC? \

Cho hai trung tuyén AA’ va BB’ caa AABC vudng goc nhau
Ching mmh ring: coth 2(cotgA + cotgB)

(Bé dé Tuyén sinh)

GIAI

Tacé: |2AA’ = AC + AB
2BB’ = BA + BC
'Khi d6: AA’1 BB’
& AA'.BB' =0
o (E+TB)(B@4A—T§)=O

AC.BC - AC.AB + AB.BC - AB® = 0

2CA.CB - 2AC.AB - 2BA.BC - 2AB% = 0
a2+b2—c21+a2—bz—c2+b2—c2—a2e2c2=O |
a’ + b? = 5¢? |

2ab.cosC = 4c?

sinA .sinB.cosC = 2sin (A + B).sinC

t ¢ ¢ ¢ ¢ ¢

2sin (A + B)

= cotgC
sinA sinB OBV

3

& 2(cotgA + cotgB) = ébth

12




—(Bai5 -

Cho AABC ¢6 IG LIC (vé6illa tdm dU’dng tron néi tiép va
G la trong tdm AABC). Ching minh ring:

a+b+c  2ab

= (v6i BC=a,CA=b, AB =c¢)
3 a+b

(Dai hoc Cdnh sdét Nhdn dédn)

1
CG =§(CA +CB)
a.JA+b.IB+c.IC=0
(Dé ching minh 6 bai 1)

+cjﬁ=0
+Cl=———(a.CA +b.CB)
a+b+ec
= Gl =CI-CG
1
—a+b+c(a CA+b CB)—--(CA+CB)
. a 1) = b 1) =
= = — 2 _ZICB
L+b+c J +a+b+c J

Khi dé: GIJ.CI@(TI(_"TI 0
&|2a-b —¢)CA +(2Zb—a—c)C CB|(a.CA +b.CB) =

o a(2a-b- c)b® +b(2a -b - c)_A“—E
+a(2b- a—c)CB CA+b(2b-a-c)a® =0

13




o ab[b(Zalb-—c)+a(2b—a—c)]
+[b(2a-—b—c)+a(2b—a—c)]f3§.(7§ =0

& (ab+(_3T3'\.6A*)[b(2a——b—c)+a(2b——a—c)]=0
& b(2a—b—c)+a(2b—a’—c)='0 |
(vi ab+CB.CA = ab + abcosC = ab(1 + cosC) > 0)
& b(Ba-a-b-c)+a(8b-a-b-c)=0
< 6ab=(a+b)(a+b+ec)

a+b~l—c= 2ab
3 a+b

- { Béi 6 }—

Cho AABC, goi 0, Ilin lugt 1a cac tam dudng tron ngoai tiép

va ndi ti€p cha AABC. R, r 14n lugt 1a d6 dai cdc ban kinh

dudng tron ngoai ti€p va ndi ti€p cia AABC. Chiing minh ring:
OI% = R? - 2Rr (Céng thiic Euler)

GIAIL:
Theo bai 1, ta cé: T
a.JA+b.IB+c.IC =

0
= a(f0 + OA) + b(0 + OB) + ¢(I0 + OC) = 6
a.()—A+b.(3l—3+c.(TC_ |

=
a+b+c

=
i

(a2 + b? +c2)R2 + ab(2R2 - c2) + bc(2R2 - a2) +,ca(2R2 - b2)
' (a+b+c)

= OI° =

_(a+b+c)*R*—abe(a+b+c)
(a+b+c)

14




: ___ abc
a+b+c
abe abce

=R? - 2Rr (Vi S=pr=-—= 2Rr=—)
4R - 2p

Vay: OI? = R? — 2Rr
Chi $: Theo bai 6, ta c6: R? — 2Rr = OI* > 0

= R? > 2Rr
R ™2 ‘
(Pay la k&t qua quen thudc trong bo dé tuyén sinh dai hoc
va nhiédu tai liéu tham khdo khéc).

—Bai 7))
Cho AABC c6é do dai cdc trung tuyén va bdn kinh duong tron
ngoai ti&p ldn lugt 1a m-, m , m_va R.

Chiing minh ring:
9R
m, +my, +m < Y

(Dai hoc Y — Dugc TPHCM)

GIAIL:
Goi O la tam dudng trdon ngoai ti€p AABC, ta c6:
(OA + OB + 6@)2 >0
& OA? + OB’ + 0C? + 2(0A.0B + OB.OC + OC.OA) > 0
< 3R? + 2R*(cos 2A + cos 2B +c0s2C) > 0
& 3R’ + 2R’ (3 2sin’A — 2sin’B — 2sizizc) >0

& sinzA + 8in?B + sin?C < %

15




Do d6, theo bat déng thitc Bunhiacopski:

A ama+mb+mcs\/3(m§++m§+mf)

< \/3.§(a2 +b* +¢?)

< \/9R2 (sinzA + sin’B + sinZC) |

B C C
v < Jor:.2 = 2p
4 2

SR

" Vay: m, +m, +m_ <
D4u “=” < AABCdéu

Chu 3: Trong moi AABC, ta cé két qui “chit hon”
‘m,’+ m, +m, <4R+r

(vdi r la ban kinh dudng tron néi tiép AABC)

Ching minh:
Xét hai trudng hop:
* Truong hop 1: AABC nhon

Goi O, I lan lugt 1a tam dudng

tron ngoai ti€p va nodi tiép

AABC.

Ap dung dinh ly Ptoleme vao

trong cdc td gidc APON,

BMOP, CNOM (v6i M, N, P
C l4n lugt Ia trung diém cdc
B M . canh BC, CA, AB).

16




Ta c6: [AP.ON+AN.OP = AO.PN
© {BM.OP + BP.OM = BO.MP
|[CN.OM + CM.ON = CO.MN

[c.ON+Db.OP=a.R (1)
1a.OP+¢c.OM=b.R (2)
b.OM +a.ON=c.R (3)

Mat khac: SAABC = S08c + Saoca + Saoas .
& a.OM+b.ON+c.OP=(a+b+c)r (4)
Cong (1), (2), (3), va (4) v&€ véi vé. Ta dugc:
(a+b+c)(OM+ON+OP)=(a+b+c)(R+r)
= OM+ON+OP=R+r (5)
Hon nita: [m, = AM<AO+OM=R+OM
m, = BN <R +ON
m_=CN <R +OP

- m, +m, +m <3R+OM+ON+OP (6)
TH(5)va(6) = m,+m, +m, <4R+r
Ddu “=" « O = G (véi G la trong tdm AABC)

< AABC déu

* Truong hop 2: AABC kh‘6r'1g’ nhQn (6 ddy xem A >90°)

Ta c6: ma=AM_<__1_BC=_aL
2 2

lm, =BN<BP+PN=2<+

(R R ST e
oI o®

+

|m, =CP<CN+NP=

= ma+mb+mc<2a+%(b+c—a) (7)

17




Ma: agZR (8)
e Ke IJ L ABtail

Xét AALJ, c6 JAI> 45° > JIA = 1J > AJ
> r>p-a (vc’rip=—;—(a+b+c))
1 i
= ~2—(b+c+—a)§r (9)
Tir (7),8)va (9) = m, +m,+m, <4R+r
Tém lai, trong moi AABC, ta luén cé: |
m,+m,+m, <4R+r

Diu “=” < AABC déu

Bai 8 -
Cho AABC, BC ='a, CA = b, AB = c. Goi R’ 1a ban kinh dudng
tron ngoai ti€p tam gidc v4i ba canh 1a ba trung tuyén caa
AABC. Chitng minh ring:

.2 2 2
R >2 +b°+c o
~2(a+b+c)

(Tap chi “Todn hoc va Tubi tré”)

GIAL

Goi M, N, P lan luot la trung
diém cua BC, CA, AB

Goi m’, m’, m’ lan lugt la ba
trung tuyén xuidt phat tiu Q, A,

€ Mecia AAMQ.

18




w
>

. . 14

Ta c6: |m, =—a azﬂ_
4 3

!

‘m{,=§b <~ <b=4 b
4 3

mé:éc c—-4m:
4 3

2(m? + m? + m?
JoR>2/ B M *M. | (9
Suyra ()@ 3[m;+m;,+m;) ()

'I:hljc ch4t cia BPT (2) 12 ching minh ring véi moi AABC va
trong tdm AABC, ta c6:

R(m, +m, + m,) > g(mi +m; + m?)

3
Goi O, G lan lugt 14 tdm dudng tron ngoai tiép va trong tam
AABC, ta cé: 4 3
| ‘Rm, = 0A.ZGA
3.
> —0A.GA
2
> g((—)ﬁ +ﬁ)GA
> —3—((“)~' GA + GA"’)
= |
3=+ 2
>—-0G.GA +=m?
23 + 3ma
Ching minh tuong tu: v
3=~x~% 2 ,
Rm, > EOG B+§m§
Rm,_ > é@ﬁf}—é +—2—m§
2 3
= R(m, + m, +mc)2§(—)§ GA +GB + GC +=(m? +m} +m?)
0

= R(m, +m, + m ) > %(mi + mi} + m})

D4u “=” < AABCdéu = (Dpcrh)

19




-(Bai9 ) \
Cho M nim trong AABC. Pidt o = BMC, 8 = CMA, v = AMB
Chimg minh ring:
NA.sina + NB.sing + NC.siny > MA sina + MB.sing + MC.sinvy
| VYN € mp(ABC)
(Dé thi dé nghi Olympic 30-4)

A , . GIAL , *

CD.BD + BD.CD|+ CD.MB + BD.MC

—— CDw=  BDicx
=Z_MB +——MC
= MD C +BC
S Qe 1 oy 1 —= 1 —=
:MD—1+P§MB+ e C~1+§QMB+1+S_B C
DC DB S, S,

20




MA_AD | S | _Si+S
MD . MD S, S,
— S

= MD = - A _MA (2

Tir (1) va (2) = S,.MA +8,.MB+5,.MC =0
Khi d6: _
NAsina + NBsing + NCsiny

_ NAMA sina. + NB.MB sind + NC.MC
~ MA MB MC
NAMA . NBMB . . NCMC
>

2" Ma sina + MB ‘smﬁ+ MC

(N 4 MA)__ (WM .+ M)
——-—I\TA———MA.SIIICY + —'m—

siny

siny

> MBsing

(NM + MC)
MC
——(MAsine MBsing. MC.siny

>N
. [ MA | MB | MC
+ (MAsina + MBsing + MCsinvy)

——

+ MC.siny

S oNM
=~ MAMBMC

.

MAS, + MBS, + MCS,

o )
+ (MA sina + MBsing + MCsin~)
Vay: NA sina + NB.sing + NC.siny > MA sina + MB.sin3 + MC.siny

Diu“=" < M=N

21




—{ Bai 10}

Cho AABC. Chiing minh rang:

a B v

o B,7>0
v
. {M € mp(ABC)

aMA? + GMB? + YMC? > — 1

a? b ¢
a+ B+

, GIAL
Dung diém Iemp(ABC):  olA+SIB+4IC=0

Khi d6: o(IM + MA) + (1M + MB) + v(IM + MC) = 0

& (a+6+7)IM = —(aMA + §MB + yMC)
= IM? = x’MA? + y*MB? + 2°MC’ + 2xyMA . MB

+ 2yzMB.MC + 2z2xMC.MA

X zZ
(Udia:—_’ IBZ_—-y—_’ 7:——_
X+y+z X+y+z, X+y+z

= x*MA? + y*MB® + zMC? + xy(MA? + MB? - AB?)
+yz(MB? + MC? - BC?) + zx (MC? + MA® - CA?)
= xMA? + yMB? + zMC? - (xyAB2 + yzBC? + zxCA*)
Do IM? >0 nén: ‘ |
xMA? + yMB? + zMC? > xyAB? + yzBC? + zxCA?
a? b? cz]

& aMA? + SMB? + YMC? > _oby
: a Jé] ¥

a+ B8+

Diu“=" & M E I
Chua 3: Theo bai 9, ta cé
| NA.S uno + NBSyy0n + NCS,ppp = 0
(vdi N la diém bdt kg“l ndm trong AABC)

22




Do dé: o g
e Néu I la tdm dudng tron noi tiép AABC thi:

E'SAIBC + iﬁ‘_SAlCA + TC‘SAICA =0

o a.JA+b.IB+cIC=0
Theo bai 10, ta c6:

a.MA’4+b.MB2+c¢.MC? > ———|—4— 4=
a+b+ec

abe [52 b? c2]
a b ¢
YM e mp (ABC)
& a.MA® +b.MB? +c.MC > abc, ¥M € mp(ABC)
Dau “=” « M la tam dudng tron ndi ti€p AABC
e Né&u H‘ 14 truc tam AABC nhon thi:
HA.S,,,. + HB.S, o, + HC.Sy,, =0
< HA(2RsinA . cosB . cosC)+ HB(2RsinB . cosC . cosA)
| | +HC(2RsinC . cosA . cosB) = 0
< tgA.HA +vt'gB.ITB' + th.ﬁ@; 0 ’
Theo bai 10, ta c6: -
tgA.MA? + tgB.MB? + tgC.MC?

tgA .tgB.tgC [ a® b? + c?
~ tgA +tgB +tgCltgA tgB tgC/)’

VM € mp (ABC)

< tgA . MA® + tgB.MB? + tgC.MC”
> a’cotgA + bcotgB + c’cotgC, VM € mp(ABC)
(vi tgA .tgB.tgC = tgA + tgB + tgC)

& tgA.MA? + tgB.MB? + tgC.MC? > 4S, VM € mp(ABC)
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(vi  a’cotg A + b’ cotgB + c? cotg C
- 2R?(sin2A +sin2B + sin2C)
= 8R? sinA .sinB.sinC =48)
Vay: tgA.MA” + tgB.MB® + tgC.MC* > 4S, ¥M € mp(ABC)
D4u “=” &M la tryc tdm AABC

Bai 11

Trong AABC c6 trung tuyén CM vuéng géc véi dudng phan

gidc AL vé. —_—= —\/5 25 . Tinh géc A
(Dé thi dé nghi Olympic 30-4)

C GIAI:

N | =
5|
>
+
g

=

i

S

S
+
5|
5>
+
2

=

2]
2|

N DN
—

A

Hon nita: (AT, — AB + BL, _, [oL AL -cL.AB+CL . BL.
AL = AC+CL BL. AL = BL . AC+BL . CL

= BL.AL =CL KE’+BL.KE

— CL BL —
AL = = AB+-—AC
= pc B+ pchC
ol sl o aE 1 1
_1+§£AB+1+9£AC=. cAB+ bAC
b —— R
= AB AC
b+e +b+c '




ma: ALICM < AL.CM=0
& (c.AC +b.AB)(AB - 2AC) = 0
& ¢.AC .AB - 2ab® +bc? —2b . AB.AC = 0
& (c—2b)AC.AB +bc(c—2b) =0
@(‘c—'2b)(A—C.K_‘B+bc)=O

o ¢c=2b
(vi AC.AB = bccosA > — be = AC.AB+be>0)
= E=1XI§+2XC =-2-(m+K6)
3773 3 |

= AL’ = %(AMa +AC* + 2AT._—A‘C')
= 2(2AC* + 2AC" cos )

= SAC2 (1+cosA)

va CM? = b? + b® - 2b?cosA = 2b?(1-cosA)
Theo gid thiét thi:

2,
| il\l’fz =z (5 - 2V5)

9 1l-cosA 9y,
2 22080 _Z(5_95
< 4 1+cosA 4( J_)

o 1-cosA =(5_2\/5)

1+cosA
2
& ———=6-245
1+cosA v5 v
1 3+«/§,
< 1+cosA = — =
. - 3-+5 4

V5 -1 o A =720

& cosA =

25




{Bai12)
Cho AABC. Ching minh rang:
m, . MA +m, . MB+m, . MC 2%(a2 +b?+c?),

VM e mp (ABC)

GIAI:

A

B

Goi G la trong tAm AABC.
Tacé: GA.MA >GA MA A

= (ﬁ(M@+GX) = GA. MG + GA?
Chiing minh tuong tu:
'GB.MB > GB.MG + GB’
GC . MC 2 GC . MG + GC?

= GA.MA +GB.MB + GC.MC
> [§K+§B+EEJM§+GA2 + GB? + GC?

0

= %(ma MA +m, .MB +m,_MC)2=(m? +m} +m?)

=—. (a2+b2+c2)

Ok O

| o

= m,.MA +m,  .MB+m_MC 3’%(32 +b? +c2)/

Diu“=" < M = G

26




(Bai13}-

Cho AABC, O la tdm dudong tron ngoai ti€p tam gidc, M la
diém ndm trong AABC va N, P, Q lan lugt 1a cdc hinh chiéu
vudng géc cia M 1én cdc canh BC, CA, AB. Chiing minh rang:

Trong d6: {S = S,usc, S = Suveq
d =0M, R=O0A (Céng thic Euler)

GIAIL

Trudc hét ching ta chimg minh bé dé sau:
“Trong tam gidc ABC luén c6:
(a) sin2A +sin2B +sin2C = 4sin A sin B. s1nC

(b) S =2R%sinA.sinB.sinC
(c) OA. sin2A + OB. sin2B + OC .sin2C =0

Chitng minh:

(a) Ta cé:

sin 2A + sin 2B + sin 2C 2s1n(A + B) cos(A - B) +2sinC..«:
= 2sinC[cos(A - B)-cos(4 « It

=4sinC.sinB. sin A
(b) Ta c6: ‘

S ==ab.sinC

Il
N | =

%(2 RsinA)(2RsinB) sin C

= 2R? sin A. sin B. sin C

27




(c) Xét 3 trudng hop:
o Néu AABC vuéng (chdng han vuéng tai A):

A

B o

0

Tacé: OA.sin 2A +OB. sin 2B + OC. sin 2C
=6TB.sin(n—20)+66.sin20

OB. sin 2C + OC. sin 2C (v B+C=—;—)

[

0

{6]_'3 +()T)] sin 2C = 0

e N&u AABC nhon:
Goi D 1a giao diém cta AO va BC
Tacé: (OD = OB + BD
0D = OC + CD B b C

CD.OD = CD.0B + CD.BD
BD.OD = BD.OC +BD.CD

= (CD+BDJ OD =CD.OB+BD.OC+|CD.BD +BD.C J
| U —— . . ~ ’
]

— _ 1 —
= OD =22 0B+2P 0C = —5p OB+ 5 OC
c 4+ BD .CD
, CD BD
-1 &8B+—1 &G
1+ SAOAB~ 1+ §A_()%
SAOCA SAOAB
1 . ——
= S_S (SAO(A OB+bAOAB C) (1)
~ “A0BC




Hon nda: QA _ AD '1 S _ 8 -S,0nc

=22 1= -1

OD OD S sosc — Sosc

S S S
= OD =- —2BC¢__0A (2
, - S- SAOBC )

TU (1) va (2 - S,080-OA = Syoca -OB + Sy005 -0C
- %RZ sin2A OA + R*sin 2B.0B +ZR?sin2C.0C = 0
- = OA.sin2A + OB.sin2B + 0C.sin2C = 0

e Né&u AABC tu (chdng han tai A):

Goi O la giao diém cha AO va BC.

Chitng minh tuong tu nhu trudng hgp
AABC nhon, ta cing c6:

Hon nita: OA_‘AD+ - S + __._S_"_'_§_49§2

29




Tu@)va4) = 8,,,.0A =8,,,0B+8,,,,.0C
= -;—Rz sin 2A.0A = —;— R? sin 2B.O—B+%R2sin2C.CT('3
= OA. sin 2A + OB. sin 2B + OC.sin2C = 0
- Quay lai bai toén: , : o
. "MAB=(¥1,MAC=(¥2 :
Pat: {MBA = 3, MBC = 4,
MCB = v,, MCA = 4,
[ (a +d2 =A
’ = Bl +Bz =B
U h+r=C

."I‘a c6: §'=8

e * Ssma + Sagme
= % (MA? sinA. sina, . sili a, + MB? sinB.sin§, . sin B,
+MC®sinC. siny, . siny,)
=% I:I'V.IA2 sinA. cos (a, - a,)+ MB’sinB. cos(B, - B,)
+MC? sinC-.. cos‘»(y1 - 72)] | |
- % (MA® sin 2A + MB?sin 2B + MC®sin2C). (5)
S = Suque + Senmq + Sonme
- %[MAz (sin 2a, +sin 2a2) + MB? (sin 2B, + sin 2B,)
| +MC? (sin 2y, +sin 2y2):|
% [MA”sinA‘. cos (o, —a,) + MB? sin B. cos (B, - B,)
+ MC?sinC.cos(y, + yz)] (6)

T (5) va (6)

- 8= %s —%(MA2 sin 2A + MB? sin 2B + MC?sin 2C) (7)
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Hon nda: MA®sin 2A + MB? sin 2B + MC? sin 2C
= (M—O + (—)_K)2 sin 2A + (M(j + f)ﬁ)z sin 2B + (1\7) + 6@)2 sin 2C
= MO?*(sin 2A + sin 2B + sin 2C) + R*(sin 2A + sin 2B + sin 2C)

+2MO (A sin 2A + OB. sin 2B+ OC. sin 2C)

. J
~~

0

.= 4MO?sin A. sinB.sin C +4R’sin A.sinB.sinC
g .
2R?

- 2.d2.%+28 (8).

= 4MO®.

+ 28 (Do b6 dé trén)

. , 1 1 S

S 1 d®
Vay: — =~ 1|1-—
i

—(Bai 14}

Cho AABC néi ti€p btrong dudng tron tdm O. Tim quy tich
nhilng diém M ndm trong dudng tron sao cho diy cung di qua
M la AA’, BB’, CC’ thoa man hé thuc: ' .
MA MB MC
+ + =3
MA' MB' MC

(Tap chi “Todn hoc va Tuéi tré”)

GIAL
Goi G 1a trong tam AABC
‘Tacé: GA+GB+GC=0
= MA*®*+MB? + MC?

— (MG + GA)' + (MG + GB)' + (MG + GC)
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= 3MG? + GA? + GB® + GC? + 2MG (§X+G:]§+@—Q]
= 3MG? + GA? + GB? + GC? ’

3MG* +:4—(m§ +mj +m?)
9
= 3MG? +g— ) i—(a2 +b? +_c2)
- 3MG? + X (a2 +b® +c?)
3 e
‘= MA’ + MB? + MC® = 3MG” +% (a? + b2 +c?)
= OA?+OB? +0C? = 30G2_'+§ (a2 +b2 +¢%) (M =0)
= OG® = R*-= (a? +b* +¢?)
9 .
'Hon nila: MA.MA’ = MB.MB' = MC.MC' = R* - OM?
MA  MA? MA?

= = =
MA' MAMA' R?-OM?®

Chiing minh tuong tu:

MB  MB’

MB' ~ R?-OM?

MC = MC?

MC' = R?-OM? ‘
MA MB MC _MA®+MB'+MC'
MA’' MB MC R? - OM®

(Do gid thiét)

= 3MG? + (a% +b* +c?) = 3R - 30’

= 3MG’ +S (R* - 0G?) = 3R’ - 30M"
= GM?+MO? = OG?
= M thujc dudng tron dudng kinh OG
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Nguge lai, trén dudng tron duong kinh OG ta lay didm M tuy .

Vi OG‘=\[R2~——;~(a2+b2+c2)<R

Nén dudng tron nay hoan toan chia trong dudng tron tam 0
= M nim trong dudng tron O. '

Vi M thude dudng tron dusng kinh OG nén OM? + MG? = OG2

Do d6 theo ciach chu’ng minh & chiéu thuin ta cé:

2 B? 2 (a? +b® +c? }
+MA +MB? + MC _( )=R2__1_(a2+bz+cz)
3 , 9 9
& MA? + MB! + MC* = 3 (R* - OM?)
 Goi A, B’, C’ 14n lugt 1a giao diém cia MA, MB, MC v6i dudng
tron tdm O. Tu d6 suy ra:
MA . MB N MC _MA® + MB’ + MC?
MA'’ MB MC R? - OM?
Ta dé& thdy ring, khi AABC déuthiO = GsuyraM = O = G.
Con khi AABC khéng déu thi O £ G nén ton tai dudng tron
dudng kinh OG.
Vay: o Khi AABC déuthiM = 0 = G
« Khi AABC khéng déu thi quy tich cda M la dudong
tron dudng kinh OG

OM?

=3

—{(Bai 15)—
- Cho AABC, tim quy tich diém M trong céc tru’éng hgp sau:
(a) 3MA? = 2MB? + MC®
(b) MAZ-MB?+CA*-CB* =0

GIAL
(a) Goi O la tdm dudng tron ngoai tiép AABC
MA’ = (MO +OA) = MO* +OA* +2MO0.0A
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MB? = (1\T0‘+(“)’1§)2 = MO? + OB? + 2MO.OB
— —_——2 ——— e
MC? = (M0+oc) = MO? + OC? + 2MO.OC
Suy ra: 3MA? = 2MB? + MC? |
o 2M‘6(36X-2ﬁ‘3—0—C)=
o M_‘o(2K‘B+K6)=0
Vi 30A - 20B - OC = -2 (A0 + OF) - (&0 + 0)
= —(2AB + AC)

'Vay quy tich cdc diém M la dudng thing
qua O vudng géc véi vecto - 2AB + AC

(b) Ta c6: MA? — MB? + CA2-CB? =0
' (MA + MB) (MA - MB) + (CA - CB) (6K+(T1§) -

< 2MI.BA+2CI.BA=0 (v6il trung diém AB)
< B 1\_/I“I+~I)=O ‘

< BA (MI+I)=0
@

== BA.MJ =0

.Quy tich diém M la dudng thing

qua I va vuéng géc véi AB.

; ; i 5 ; ; ﬁ\ B

(b)
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CAC BA! TOAN TU GIAI

1. Cho AABC x, y, z > 0. Ching minh ring :
. N 2 2 2
(a) —l—cos A+lcosB+lcosC su

X y z 2xyz

(Dé thi dé nghi Olympic 30-4)
x2+y* +7°

(b) 1 cos 2A +—1— cos2B+1 cos2C 2 -
X y z 2xyz

2. Cho diém M nim trén du&mg trdon ngoai tiép tam gidc déu
ABC. Ching minh ring gid tri cda ) = MA* + MB* + MC*
khéng phu thudc vao vi tri cia M.

" (Pé thi Olympic todn Quéc gia)

3. Goi A, B, C, 14n lugt 1a cac diém d6i xing cta A, B, C cia
AABC qua cdac canh BC, CA, AB tuong dng. Ching minh
rang A,, B, C, thang hang .

< cos A.cos B.cos C = —g

(Tap chi “Todn hoc va Tubi tré”)
.

4. Cho ta gidc 18i ABCD. Goi G,, G,, G,, G,14n lugt la cdc
trong tdm cia AABC, ABCD, ACDA va ADAB va tu gidc
ABCD. Ching minh ring G la trong tam ti gidc G,G,G,G

2374

5. Cho AABC can tai A, D 1a trung diém canh AB, I la tam
dudng tron ngoai tiép AACD. Chding minh ring IE L CD.

(Dé thi Olympic Todn Anh)
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6. Cho AABC nhon ndi tiép trong dudng tron ban kinh bang
1 va BC = a, CA = b, AB = c. Chiing minh rang véi moi
diém M n3m trong AABC, ta luén cé:

a2(B? + & + a)MA + b¥(? + a® -b*)MB + ¢%@® + b* + ¢)MC 2 (abc?

7. Cho AABC déu canh 2006. Tim quy tlch nhu’ng diém M
théa man:
(a) MB? + 2MC? = 1001

(b) 2MA? - MB? + MC? = 2007
() MA? + MB? + MC? = 2008
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A. Cac bai toan cin bén

-(Bai1)

Cho AABC. Ching minh rang:

(@) L = sin A . sin B . sin c (Pai hoc Ngogi ngi Ha N¢i)
R 2 2 2 ’ ~

() cosA +cosB+cosC =1+ —1% (Pai hoc Néng Lém TPHCM)

2

(c) tg%+tgg+tg—c—— r+4R

GIAI
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(b) Ta c6: "
A+B .A-B

cosA+cosB+cosC=2§os 5 08— _+1—2.sin2%
v . C A-B A+B
= 2sin —{cos - COS +1
2 2 . 2
=4sing.sin§.sin —‘i“—+1
2 2 2
=L +1
R
(c) C4ch 1:
Ta c6: sinA +sinB +sinC
- A+B A-B _. C C
= 2sin . CcOS -+ 2sin — . cos —
2 2 2 2
C - +B]
= 2cos — | cos + cos —
2 2 : 2
=4cosg.cosg.cosé— (*)
2 2 2
‘ 4R 1+siné.‘lsin§—.sin9
r+4R 2 2 X
= (do cédu a)

p R (sin A +sin B + sin C)

3+cosA +cosB+cosC
sinA +sinB +sinC

_ ¢! +cosA)+(1+cosB)+(1+cosC)

4cosé cosE cos —
2 2 2

2 (cos2 a . cos? E . cos® 9)
2 2 2

A B
4cos—2—.cos—.cpsf—

2 2
. B+C . C+A . A+B
1 sin . sin sin
_1 2 N 2 L, 2
9 B C c A A
CcOS — . COS— COS— . COS — COS— . COS —
2 2 2 2 2
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1(,. B. C . C A A B
g D rtg Lt Catg B ite B B
2(g2+g2+g2fg2+g2+g2]

A B C
—tg—2—+tg5+tg§ .
Céch 2
VT_r+4R__[_)_r_ 4R
p P p
S, abe
p° p.S
_ p.abc+8°
p*.S |
p.abc +p(p-a)(p-b)(p-c)
| p>.S |
abe + (p - a)(p - b)(p - ¢)
' p.S
_ abc+p3—p?(a+b+c)+p(ab+bc+ca)—abc
- p.S
_ ab+bc+ca-p’
S
Vp =t é+t E«»t —C’—~1’*/-1'+ 1 + L
P=r8y g.2' 9 Lp—a p-b p-c

pri(p—a)(p-b)+(p-b)(p-c)+(p—c)(p-a)
p(p-a)(p- b)(p-c)
| S[3p2 -2(a+b+c)p +ab + be +ca]
S2
ab + be + ca - p?
S

Tit d6 suy ra diéu phai ching minh
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—( Bai2 }

Cho AABC. Ching minh ring:
1 D N i 9 . v
(a) S= Z(a‘ sin 2B+ b*sin 2A) = 1, .5, .T,.T

1 1 1 1
b)) — ===

h, h, h r 'r r
() r,+r,+r, =4R+r

(d -r,+r,+r,+r1r= 4RcosA

GIAI
(a) Ta‘ c6:

(a2 sin 2B + b’ sin 2A)

|

= 2R?sin A .sin B(sinA.cosB + sinB.cos A)

= 2R? (sin® A.sinB.cosB + sin” B.sin A .cos A)
= 2R’ éinA.sinB.sin(A +B)

= 2R*sin A .sinB.sinC

= %(2RsinA)(2Rsin B)sinC

= lab.sinC' =S
2

e S=pr=(p-a)r, =(p-b)r, =(p-c)r,
= §'=p(p-a)(p-b)(p-c)rr,nr. = Stror, 1.1,

= S-= ‘r.r,d.rb.rc
(b) Ta cé:
s=Lan =lph, - Len,
2 2 2
= (p-a)r, =(p-b)r, =(p-0)x,
= p]"
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SR e

1l_a 1 _b 1 _ ¢

h, 28" h, 28" h, 2S
=

1_p-a 1 _p-b'1 p-c

r, S ', S ', S

1 1 1 1 1 1 p 1
=2 —4—+t—=—+—+— ===
. h, b . L, r. S r

(c) Céch 1:

T 5: + = tg—+tg—+tg—
a Cco I‘é r, +.1'c p( g g )

= r+4R (do bai 1c)

Cédch 2: _
Tacé: r, = p.tg% = R(sinA +sinB +sinC)tg—g—
= R4cosé.cos§}cos9.tgé
2 2 2 2

(vi sinA +sinB+sinC = ‘4cos%.cos§.cos% :

(ban doc tu kiém tra)
= 4Rsiné.cosE.cosg
: ' 2 2 2
Chitng minh tuong tu:

I, = 4Rsin 3 cos & cos 2
2 2 2

T = 4Rsin9.cosé.cos—
~ 2 2 2
Honnita: r === —

8R%sin A .sin B.sin C
4R?(sin A +sin B + sin C)

2R sin A.sinB.sinC

A B:- C
4 cos —.COS —.COS —
2 . 2 2

= 4Rsin-é.sin§.sin-g (c6 thé xem bai la)
2
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= r,+n+r, -r = 4Rcos%(smé cosg+sm—- cos—)

. C( A B A B
+ 4R sin—| cos —.cos — — sin —.sin —
2 2 2 2 2

A+B

= 4Rcosg.sin + 4Rsin—g~.cos

2
= 4R(cos2 c + sin? 9)
2 2

= 4R
= r,+r,+r, =r+4R

(d) Tacé: -r,+r +r. +r

= 4R cosé-
2

. B c . C B]
sin —.cos — + sin—.cos —
2 2 2 2

‘ A
4Rsin =
+ sm2

. B . C B CJ
sin_.sin o —cos—.cos o

B+C —4RsinécosB;C

= 4Rcos é sin
2

= 4R[cos2 A_ sin? A
2 2

= 4RcosA

(Bai3)

Cho AABC. Chiing minh ring:

1 1), 1 1 1 1 A B C
—+=|L +{=+~=|1, +|=+=|1, .= 2| cos— + cos — + cos —
a b/" \b c c a 2. 2 2
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2bc.cos —
1 =
Ta ¢6 a bre
la(bH:J =2c¢ sé
be

<1, (l+-1-) = 2cosé
\b ¢ -2
Ching minh tuong tu:
1, (l + l) = 2cos§
c a 2

1, (—1— +—1—) = 2cos9
a b 2

Vay: (l+—1-Jla+(l+l)lb +[—1—+l~)1€ = 2(c0sé+cosg +'cos9_)
b ¢ c a a b -2 2 2

Bai 4
Cho AABC, G la trong tam. Dé.t GAB = o, GBC = B, GCA = ¥
Chimg minh rang:

3(a +b%+¢ )
4S '
(Dai hoc Ngoai thuong)

cot go + cot g + cot gy =

GIAI
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Ta c6: BG?

AB? + AG® - 2AB.AG.cosa
C? + AG? - 2AB.AG.sin o. cot ga
C? + AG® - 4SAABG'.cot go

C? + AG? -%S;cot go.

4S
Ching minh tuong tu:

= cotga = i_(C2 +GA? - G_Bz)

3
cot gP = :@(az +GB? - GC?)
3
-cot gy = 4_s(b2 +GC® - GA?)
Vay: cotga + cotgB +cotgy = %(a2 +b* +¢?)
- —{ Bai5 }
Cho AABC, ¢6 a* +b* = ¢*. Ching minh rang:

(a) AABC c6 3 géc nhon.
(b) 2sin®C = tgA.tgB

GIAI

(a) Ta coé: > at {c >a

ct=at+b =
. ¢t > bt c>b

{c>a = A, B nhon
c>b
Hon nita: ¢* = a%.a% +b2b? >c%a’ + c2.b‘2

= c* <a’ +b® = ¢’ + 2ab.cosC

= cosC >0 |

= C nhon

Viy A, B, C déu nhon
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(b) Tacé: = a* = b* +¢® — 2be.cosA
=b +c - 9be.sin A. cotgA
= b? + ¢* — 4S.cotgA-
b? + c?— a®
4S

= cotgA =
Chiing minh tuong tu:
¢ + a? — b?
4S
c4 _(az _ b2 )2
16S°
¢t - (a4 +b* - 2a2b2) a’b?
- 168 - 8s?
" a’h? 1

3 = )
8(—;-absinCJ 2sin” C

cotgB =

Nén cotgA.cotgB =

Vay: tgA.tgB = 2sin’C

Cho AABC, ¢6 B = 2C. Chiing minh ring:

(a) b®= ac + c?
(b) r = (b - ¢)sinC

GIAI
(a) Tacé: p2_o2 - 4R? (sin2 B - sin® C)

= 4R* [%(1 - cos 2B) - —12—(1 - cos 20)}

2R* (cos 2C - cos 2B)

i

2R*.2sin (C + B)sin (B - C)

= ac
= b? = ac + ¢?
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(b) Ta c6: ‘ ab.sinC _ ab.sinC ab.sin C

S
r=—= = 3 = 2
p a+b+c ac:c +b —tz—+b,
c
_ ac.sinC _ ac(b—c).sinC
" b+c b? —¢?
_ ac(b-c).sinC
- ac
= (b-c¢).sinC

-(Bal7)

Cho AABC ¢6 A = 2B = 4C. Chitng minh ring:

1. 1.1
a b ¢
GIAI
Céach 1
Tacs: A_B_C_A+B+C 1
4 2 1 1 7
A=l
7
=><B=2—n
7
C==
7

\

Theo dinh 1y ham sin

1 1 1 1 1
—+—=— +
a b -2R(sinA sinB)
_ 1 sinA+sinB
2R sinA.sinB

- . A+B A-B
2s8in .COS ——
- 1 2 2
2R 'sinA.sinB
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cos g.cos .
1 2 2

R~ sinA.sinB

3n n
COS — .CO0S —
7 7

1
R sinfl—n.sin%
7 e

_ 1 1
2RsinE C
7
Céch 2 A =2B
Nén theo bai ta cé:
a’? =b%+be
b% =¢? +ca

=a’=c’+ca+bc=c(a+b+c)

1 a+b+c 1 b+e
PosE Ty S ot
c a a a

1 b+c 1 1

= - 4 3 = — 4 —

a b*+bc a b
Vay l:l.{.l
c a b

-(Bais )

Cho AABC vuéng tai A. Goi I 1a tAm dudng tron nédi tiép.
Ching minh ring: .

(a) sin—]-g-.sins2 = lb'l,:
2 2 4a
® IBIC = lb;c

(Bai hoc Y — Duge TPHCM)




GIAI

‘(a)Ta'cé cos§=£
2 1
C b
oS — = —
2 1
- ) ) be
' Hon nia: sinB.sinC = —
a
. B . C be
= 4sin—.sin—.C08—.COS— = —
. 2 2 2 a
. C be be
= 4 sin —.sin —. =
21,.1, a
] c 1.1
= sin—.sin — =
2 423’
(b) Ap dung dinh ly ham sin trong AIBC:
IB _ IC _ a - a =a\/§
sin9 si_ng— sin BDC [“_2_
2

= IB.IC = 2a? sinlB-.sin9
2 2

—{ Bai9 }
Cho AABC, MN e BC sao cho BH = MN = NC.
Pit BAM = x, MAN = y,NAC =z
Ching minh: )
(cotgx + cotgy)(cotgy + cotgz) = 4(1 + cotgzy)'
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GIAI

B

Pat © Supy = Siamn = Saanc =a>0

V& trdi sin(x +y) sin (v+2)

sinx.siny siny.sinz

sin(x +y).sin(y + z)

sin’ y.sin x.sinz

sin(x + y).sin(y + z)-

(1 + cotg? ‘y) - -
sinx.sin z

2S8n  2S.iamc

2 Y AB.AN AMAC
(1+cotg y) 25, .0 98, 1ne

AB.AM AN.AC

(1,+ cotg%y)z—m.—zg
a o

4(1 +cotg’y) = V& phéi

Cho AABC thda p?=hh, +hh +hh, = (1)
Ching minh ring AABC @déu.
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- GIAI
Ta c6: S=_12.aha = \[Jp—a)(p—b)(p—c),

BN IR CRICRD

(11 1
~ hh, +h,h, +hh, =4p(p-a)(p-b)(p-c) ZS*EE’*")

_ 8p*(p-a)(p-b)(p-c)
abc

Do d6: (1) < 8(p-a)(p ~b)(p-c) = abe

-. ) o abc=(_a+b+c)(a—b+c)(a.+b—c)
B
o (oo = (c-a) - (b
e a=Db=c ¢ AABCdéu

—(Bai 11

Cho AABC. Ching minh rang:

bcos2%+acoszg =p

GIAI

Ta c6: bcos2—é+acos2—g=%b‘(1+cosA)+-;—a(l+cosB)'
' 2 a2 _ 42 a2 2 _ 12
= lb 1+————————b tc -1 +—1—a 14478 =2 b
2 2bc ) 2 2ca

b2 +ct-a® +c2+a2—b2
4c 4c

—12—(a+b)+

1 1 ‘
—lat+p)+=C=
2(a+ )-l—2 p
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Bai 12
Cho AABC. Chiing minh ring:
m,.m,.m, > p.S

GIAI

2(b* +¢*)-a* § (b+c)* -a
4 4

= maz\/p_(ra)

Chiing minh tuong tu:

m, 2 ,/p(p-b)
m, > ./p(p—c) |

Ta c6: m?

= p(p;a)

Suy ra: m,m,m, > p\/p(p -a)(p-b)(p-c¢) = pS‘
Ddu “=” & AABC déu |
—{ Bai 13)
Cho AABC. Ching minh ring:
@ 1, = 2be cosé
' b+c 2
i, 1,11
a b oc L 1 L
@ b+l +lc+la +la+lb <33
a b c
GIAI
- (a) Ta c6:  Sumc = Saaos + Saanc
| A

= lbc.sinA = -l—cla.siné—+—1—bla.sin
2 2 2
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. Lbe.sinA = l(b+c)lﬁ\.sin-“}—
2 2 2

= be.sinA = (b+ c)la.sin% ~

2be c A
b+c' 2

A+B
2

( s A 3) 1( . B 3) J§('.2A 1 ,B .,B 1 2Aj
— COS -4 + [01:] 4+ —| 8in°— 4+ —c08" — +8s1n” — + —COS" —
\/— NE) 2 4 2 3 2

2 2. 2 3
\—/—i cosz—A—+cosz—]§-)+\/§(sm2Asin"’B +_*/:<i‘/_—_‘
2 2 2 2 2 2 2

1, +1, L+l 1 +1 1 1 1 1 1 1
—< 4 L2 4+ -2 =L | =+= |+ |=+— |+ | =+
a b c '\b ¢ c a/ ‘\a b

= 2(cosé+cos§—+cos9—) < 3\/5
2 2 2
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Cho AABC ¢6 h,,h, ,h e N; var= L
Ching minh ring AABC déu.

GIAI

Ta c6 2p>2a<::>p>a
S _ 28

& =
r h

< h,>2r=2
Vi heN=h, >3

Ching minh tuong tu:

h, 23
h, >3
= -—1—+—1—+i2—1—+1+l=1
h, h, h 3 3 3
Hon nita |
1 1 1 1
—+————~+—=—=1
h, h, h r
= ha=hb=h‘c=3

Vay AABC déu

_(Bai 15)

Cho AABC. Ching minh ring:

ﬁ

b j2r
L “\R

D4u “=” xdy ra khi nao?
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Tacé: h =la‘.sinK]ﬁ3

1,.sin (C + —‘—A‘—)
2

1-cos(2C + A)

2
_ '1‘—cos(1t‘—B+C)
_ 1+cos(B-C)
- 2
= cosz(B_C)
2
Hon ntta: r = 4Rsin—é.sinE.sing .
2 2 2
2r .
- — = 8sin—.sin—.Sin —
R 2
Do d6: Pa > /%f_
L VR
N cosf,"’B—C > 8siné-.sin§—.sin9
2 2. 2
& cos? 24siné[cosB_C—cosB+C
2 2
& cos? —4sin§—.cos'B—C+4S2é.>_O'
2 2 2
- AV
= (cos —2sin—é-) >.0 (luén ding)
Déu “=” < cos—— =2sini;—
< 2cosB—_C.sinB+C =4sin‘é.cosé—
v 2 - 2 2 2
& sinB+sinC = 2sinA
& be = 2a
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—{ Bai 16 }- - —
Cho AABC c6 ba dudng tron bang tiép ctia céc géc A, B, C
ti€p xdc vdi ba canh BC, CA, AB tai M, N, P.
Ching minh ring:

SAMNP <

N

A GIAI

SAANP = Sl

Dét SABMP = Sz

S somn = Sy

M C

Ta cé: ME.:S—(SI'FSWLSI*) = 1_(i+_8_2_+§)
S S S S S

L [e-a)E-b) (p-be-¢) (p-c)@-a
ab be ca
Theo bat ddng thdc Cauchy, ta c6:

(p-a)(p-b) (p-b)(p-c) (p-c)(p-2a)
ab v : be . .ca

. oA . 2B . ,C
= sin® = + sin? = + sin%? =
2 2 2
= —;—(l—cosA)+—;-(1—cosB)+sin2—g—

=1 —«é—(cosA + cos B) +sinzg

. C - . zc
= 1-sin—cos + sin” —
2 2 2
. 2
=§+ sinz‘g—lcosA_B +—1—sin2A_B2§

4 \' 2 2 2 ) 4 2

D4u “=” & AABC déu
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-(Bai 17 }

Cho AABC va diém M bat ki nim trong AABC. Chiing minh ring:

MA. cos—g— + MB.cosg + MC.cos% >P

a | GIAI o
Tacé:

a = MBcosB, + MC.cosC,
b = MC.cosC, + MAcos A,
¢ =MAcosA, + MBcosB,

. c
= a+b+c= MA (cos A, +cosA,)+ MB(cosB, +cosB,)
+MC(cosC1 +c0sC,)

2MA cos A ; Az cos ; Az 4 9MB cos 2t ; B, .COS B, ; B,

+2MCcosCl ;CZ .cosCl 3 2

IA

Z(MA cosé +MB cosE + MCcosg)
2 2 2

Vay: MAcos%+ MBcos123-+ MCcos% >P

D4u “=” © M = Tam dudng tron ndi ti€p AABC.

Bai 18
Cho AABC. Chiing minh ring: | ,
p’+1r* =2R(h, +h, +h - 2r) (%)
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GIAI
Ta c6: (*) @ipz +1r2+4Rr = 2R(h, +h, +h,)

= p2+r2+4Rr=2R(—2—§+%+§J
\a c

' 2abc(1 1 1
< pP+r?+4Rr = 2R —+—+=
p‘+r°+4Rr iR (a+b c)

& p’+r’+4R =ab+bct+ca (**)

Hon nita:
Sin_.A_-—i
2 2R
A r
tg— =
g2 p-a
Ztgé
sin A = 2
1+tg®—
_2r
. 2 __p-a _ 2(p-a)
r

P a[r2 +(p- a)2] = 4Rr(p-a)
< a(p*+a’-2ap+r’)=4Rr(p-a)
& a°-2pa+(p®+1’+4Rr)a-4Rrp = 0
Ching minh tuong tu: _
b® - 2pb + (p* + r* + 4Rr)b - 4Rrp = 0
c® -~ 2pc + (p2 +- r? + 4Rr)c -4Rrp =0
= a, b, c 12 ba nghiém cda phuong trinh

x® - 2px +(p2 +r? +4Rr)x—4Rrp =0

58




Theo dinh ly Viet, ta c6:
ab+bc+ca =p?+r?+4Rr
= (**) ddng = (dpcm)

~{Bai 19}

Cho AABC. Chiing minh ring:

a®+b? +c?
m, +m, +m > —————
2R
GIAI
Ta nhan thay:
b? + c?
2 1
m, 2 22 )

4m? 2 (b.sinB +c.sin c)*

=N
o 2b%+2c? —a? > b2sin?B +c?.sin?C + 2be.sin Bsin C
o b2+c?+2be.cosA > b2sin?B +c%.sin®C + 2ab.sin Bsin C
< b?cos?B +c?.cos®C —2bc.cosB.cosC >0
& (bcosB — c.cosC)’ > 0  (luén ding)
b? + c?
Vay: m_ 2
A T
- Chitng minh tuong tu:
c? +a?
m, 2
4R
2 2
m > a‘+b
**"4R
ca?+b*+¢?

= m, +m, +m, > oR

b.cosB = c.cosC
D&u “=” < {c.cosC = a.cosA
a.cosA = b.cosB
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< a.cosA = b.cosB = c.cosC
0<A,B,C<§

sin 2A = sin 2B = sin 2C
o n
P A=B=C=§

< AABC déu
Tém lai ta ludn cé: }
a® +b? +¢?
2R
D4u “=” & AABC déu

m, +m,+m 2

CAC BAI TOAN TU GIAI

1. Cho AABC. Ching minh ring:
(p- a)2 sinA +(p - b)2 sinB +(p - c)2 sinC

=4r(2R—r)cosé.cos§.cos—
P9 TRy

2. Cho AABC. | |
a) Hiy tim mot diém M trong AABC sao cho:
b) Piat MAB = D Ching minh ring:
cot gD = cot gA + cot gB + cot gC
| | (B6 dé Tuyén sinh)

3. Cho AABC. Chiing minh rang: h, < p(p-a) <m,

4. Cho AABC. Chl’rng minh ring:
' 3(a2+b2+c2)+4abc213
. (PH Vinh, Khéi A+B)
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5. Cho AABC. Chiing minh réng:

6. Cho AABC théa méan hé thdc:

Ching minh ring: AABC ddu.

7. Cho AABC c6 _b_c
mb _]:I‘lc

a

Chdng minh ring: AABC déu

8. Cho AABC. Chitng minh ring:
h, h, h _1

b) a+b+c< 3J3R

sin2__2
2 2Jbe

sinB .2
2 2Jca

(Cao ddng Su pham Ky thudt)

(PH Vdn héa Ha Noi)

(Hoc vign Ngén hang)

. (PHDL Van Lang)
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B. Cac bai toan nang cao

{(Bai1)

Cho AABC cé sin A. +sinB _ sin 21}( +sin 2B (1)
sinC sin 2C

Tinh cosA + cosB -
(Dé thi dé nghi Olympic 30-4)

GIAI

(1) o sinA +sinB + SinC ~ sin2A +5sin 2B +sin 2C
sinC sin 2C

Y

9 _ 4sinA.sinB.sinC

sinC sin 2C

A B
4 cos—.cos —.cos
2 2

S 4sin%.sing.sin—q = cosC

< cosA+cosB+cosC-1=cosC

< cosA +cosB =1

1 1 1 1 1 1
Cho AABC céb A+ ’B+ C= A+ B+ o
cos cos cos sin —2— sin rY sin E

Ching minh ring: AABC déu. v
(Dé thi dé nghi Olympic 30-4)

GIAI
* Néu AABC tu:
Giéd st A>—;—>B‘2C>O:>O<C<g
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tgC <1
cosC <0

. C ) '
= smE < sinC < cosC

= 1 < 1
cosC sin. C
2
Hon nita: —— + 1 _cosA+cosB

cosA cosB cosA.cosB

A+B A-B
S .CcoSs
2 2
cosA.cosB

2co

il

.. C -

2s8in —.cos ————
2 2 <0
cosA.cosB

1 1 11 1 1 1 1
= + + < < < —+ +

cosA cosB cosC cosC

. C A . C
sin= sin= sin— . sin_
2 2 2 2
* Néu AABC nhon:
Ta c6:
0 < cosA.cosB =—12—[cos(A ~B) +cos(A +B)]

<

(1-cosC) = sin"’—czZ v

DN | =

1 1 2 >2

= + 2 - >
cosA cosB  +JcosA.cosB

. C
sin —
-2
Dé’u “=”<=> A = B
Chiing minh tuong tu:
1 N 1 > _: 2
cosB cosC

Diu “="< B=C
sin —
2
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1 1 > 2 DA’ “©_» C A
=" =
cosC cosA B au , -

sin

Suy ra: 1 + 1 + 1 Z'1A+ lB+ 1C
cosA cosB cosC sinE sin=  sinZ

2 2

Dau “=” «» AABC déu

ﬁ Bai 3 }
Cho AABC. Chitng minh ring:

be. cos® —{;— + ca.cos® —g + ab. cos® % >rl +rl +rl,

Khi nao x4y ra ddu dang thiac?
(Dé thi hoc sinh giéi TPHCM)

GIAI
Ta cé:

. be. cos? % + ca.cos® B + ab. cos® g—

be(1 + cos A) +%ca(l +cosB)+%ab(1 +cosC)

N

l(z‘alb+ be +ca)+lbc.césA +lca.cosB +lab.cosC »
2 2 2 2
= l(ab +be+ ca)+—!-(b2 +c’ -a’)
2 4
+:1—(c2 +a* - b?) +%(a2 +b? - c?)

= %(a+b+c)2 =p®> (1)

. r,l = S _2 ,/bc_.p(p—a)

—p—ab+c




p-a b+c

) \F(p—b)(p—C) 2_ foep(p-a)

IA

<

- = ol +nl k<

2Vbe | G- b)(p-<)

b+c
p-b+p-c

1.
Py

ap
2
a+b+c

> p=p" ‘(2)

Tu (1) va (2)

= rl, +1]l, +r], < bccos’ % + ca.cos’ g— + ab cos g—

D&u “=” & AABC déu

(B34 —

Cho AABC va diém I thugc mién trong cia tam giac. Cdc dudng
thang Al, BL, CI 1an lugt c4t cdc canh déi tai A’, B, C'.
Ching minh ring: -~ AILBICI < g8

AA'BB'CC' ~ 27
(Dé thi dé nghi Olympic 30-4)

GIAI
Supc = X
Détv SAICA =Yy
Suas =2
Ta cé:
IA" _ Sy ___%

AA'" S,pc Xty+tz
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Chiing minh tuong tuy:
- IB y |

BB x+y+z
Ic 'z ,

CC'  x+y+z

Tu do suy ra:
ALBICI _ (y+ z)(z + x)(x + y)

AAf.BB'.CC’ (x+y+2z) ‘
__1__ y+tz . _Z+X X+y é_i
2T\X+y+2 X+y+2Z X+y+z 27
Diu“="e Ilatrong taim AABC

<

Cho AABC. ChUng mmh réng

P—"-+-}i 2—23\/§
S W R YR

- Tap chi “Todn hoc va Tubi tré”

GIAI
Ta o6: 28 2Jpp a)(p - B)(p-0)
e
5 _}_1_=(b+c),/p b)p c) 2\/(p b)(p—c)
i
b b, b
RAETRETAEN

of e~ b)(p—c J(p—C)(p a) \fp a)(p b)

v
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§ 6§[(p -a)(p-b)(p-c)

abc

Hon na: (2= 2)(P . b)(p-¢c) _p(p-a)(p-b)(r-c)

pabc
SZ
" P(4RS)

(vi S = %Pﬁc. G- a)E-B)E-0)

S r
= Z—R—p~_4R (vi S=pr)
o 1l2r
8 R
V"y:$+£+£233?_r_
1, b L R

D4u “=” & AABC déu
- B&i6 }

Cho AABC. Ching minh ring:

a) a’+b>+c?248V3+(a-b) +(b-c) +(c-a)’

b) P a2z P p2y ¢ > 23S, Vp,qr>0
pt+r r+p P+q 4
(Tap chi “Todn hoc va Tudi tré”)
GIAI
a) bat: [p-a=x>0
p-b=y>0
p-c=z>0

Ta c6: a’+b?+c? 2 4SV3 +(a—b) +(b-c) +(c-a)’

& [:az'—(b—c)2:|+[b‘2 —(c —a)2]+[c2 —(a —b)z] > 453
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4(p-b)(p-c)+4(p-c)(p-a)+4(p-a)(p-b)2 4843

Xy + yz +2zx 2 \/3xyz(x+y+z)

(xy +yz + zx)2 > 3xyz(x +y +z)

g ¢ 0 ¢

(xy - yz)2 +(yz - zx)2 +(2x - xy)2 >0 \(dling)

Diu “=” & xy =yz = zx
o X=y=1z
< a=b=c

b)  Theo BDT Cauchy:

o . ,
(a+b+c)2 =( 2 ,/q+r+m£;1/r+p -F——gc;_q.'\/p+q]‘

. q+r

a2 b2 -c2 2 '
) 2((Q+fr)2 (r +p)° (P+Q)2J (praxr)

< 2(a2+b2+c2)+2(————-p a4+ pzy T ch
q+r r+p p+q
p \ r 2>(a+b+c)2—2(a2+b2'+c2)

= a+—3 b2+ c? 2
q+r r+p P+q . , 2

a’ +b? +c2‘—(a—b)2 ~(b-c)’ - (c-a)’ > 2SV3

(do céu a)

Vay: —P—a?+ L p2 4= 2> 2843
q+r T+p  p+q

) {a =b=c
Déu “=” o
, Pp=q=r
- Chu y:
e Ldy p=q =r > 0, ta c6 bai todn quen thujc:
a® +b* +c* 2 4SV3

« Ldy a=b=c =1Ta c6 BDT Nesbit: —2—+ 1T
q+r r+p P+q

Diu“=" © p=q=r>0

>3
2
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{(Bai 7}

Cho AABC. Chiing minh rang:

» rZ+r2+12 2m? + mj + m? (1)
Péng thidc x4y ra khi nao?

(Tap chi “Todn hoc va Tubi tré”) -

GIAI
Ta c6: 'S=\E(p-—a)(p—b)(p—c) =(p-a)ra
me‘ = :11-[2(b2 + cz)-—.az]
_p@-b)(p-c)
= 4 (p-a) -
m? + m? + m? =-3—(a2+b2+c2)
a e b 4 4 .

Do d6:

o o|e=b)p-c) (p-c)(p-2) (p-a)(p-b)
R e A =T =

oL

> -—(a2 + b? +c2)

N

(x+y+z)(.—§+?+xzy)>§[(y+z)2+(z+x)2+(x+y)2] (2)
x=p-a>0
(trong d6:{y =p—-b>0)
z=p—-¢c>0
Pé y ring: (x+y+z)[.¥5+?_’i+ﬂ)
| X y =z

xy+yz+zx+xz[z+£)+y2‘(§+£)+z2(§+l)
z y z X y x

> Xy +yz+zx+2x® +2y° +22°
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= (2) ding

Diu“="d (1) ©® x=y=12z
& a=b=c
< AABC déu

—{ Bai 8 }
Pudng tron ni ti€p AABC tiép xic véi cdc canh BC, CA, AB
tuong Ung tai D, E, F. Ching minh ring:
DE EF FD 3
+ + <=
VvBC.CA +CAAB JABBC ~ 2

(Tap chi “Todn hoc va Tubi tré”)

A GIAI

Ta c6:

EF = 2FK = 2(p - a)sina

YR (CEC R

be

Vbe b
- 2\/(p —a)(p- b)\/(P "a)(li—c)
‘ be
) 2—2—.3;1
be 2




~ Chidng minh tuong.

Vé. -—.—.<_—'
Y Jab 2

Diu “=" & AABC déu -

{Bai9 }—
Cho AABC ChUng minh rang

m, +1, +h, <J———(a+b+c)

(Bét ddng thuc Jack Garfulkel)

GIAI

[x=p-a>0 y+z=‘a
Pat: {y=p-b>0 = jz+x=b
z=p—c>0, x+y=¢

Khi d6: m, ——\[2b2+c)
——\F(z+x) +2(x+y) —(y+z)
=%\/7x +4x(y +2z)+y’ —2yz+z

e
.EHM;-@(“

y+z+\/—;)
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L 8(xe gt (x g R

< = 2
RVE] 2
< —\/1?(2x+y+z—\/ﬁ)
Ta da biét: N
= 2\/—5 \/p(p—b) <Jp(e-b) =y(x+y+2)
a+b‘/p(p C <\/p(p—c \/z(x+y+z)

= m, +l, +1, < 2x+y+Z‘§/—ﬁ+,/x+y+z(\/§+\/'z-)

2
< 2x+y:;_§z ‘[—‘+-—\/x_+y—+2 (\/§+\/_)
B R e (0]

IA

?/1—5[3 X+y+2) (\/_ \/_)}

A

_}_3(x+y+z)s—\/2§(a+b+c)

V3
= m, +1, +1, sg(‘a+b+c)(1)

V3

= ma+lb+hcs—2_'(a+b+0) (hc'<lc) i

D4u “=” & AABC déu
Chu y: 4
D€ y rdng:1_ < m,, nén tir (1) ta c6 ngay bat ding thic sau:

&

la +.1b +lc S—é—(a+b+c)
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-(Bai 10}
Cho AABC. Ching minh ring:

ma,+m,,+m¢s\/_(a+b+c)+|a bl+|b4cl [ - |

GIAI

_Khong mat tinh téng quét ta
. gidsdiaxb2c.

Goi:

e AD, CE l4dn lugt la cdc
duong phan gidc trong xudt
phat ti A va C.

e AM, CN 14n lugt la cdc
dudng trung tuyén xudt
phét tir A va C.

- D& thdy rang:

MD = MB-BD = _a(b- c)
, 2 b+c 2(b+c,) 2
NE-NA_AES__be _cla-b)
~ 2 a+b 2(a+b) 2
m, = AM < AD+ MD < I, + 2=
m, =CN < AE+NE <1 +2=
= ma+mb+mcsla+mb+lc’+a;b+b;°
s-@(lerc)+|“‘""“|Jrl'”"q*’c‘al
2 2
(Do (1) ctia bai 9)
Viy: m, +m, +m, < ~— |a bl +[b—c|+|c-al
b 2 2

E




{ Bai 11
m+n>0

n+p>0
p+m>0
mn +np +pm >0

Cho AABC va

Chlmg minh ring: v
ma’ + nb? +pc 2 4Jmn+np+pmS *)

(Tap chi “Todn hpc va Tubi tré”)

GIAT

Gid sd C nhon - ,
(*) & ma®+nb® + p(a2 +b* - ZabcbsC)' > 2/mn +np + pm.ab sinC

& (m+p)2+(n+p)7 > 2(peosC+Jmn +np + pmsinC)(**)

" Theo bt ding thitc Cési va Bunhiacopski, ta c6:
: a’ b :
(m + p)B +(n+ p); > 2\/(m +p)(n+p)

va (p cosC + ymn + np'+ pm sin C)2 < p? +(mn +np + pm)
' < (m +p)(n +p)

= (%) dl.'lng va c6 d4u “=” x4y ra khl va chi khi

(n+P)——(n+p)—
<cosC sinC
P Jmn+np+pm
a b-
(m+p) Jp+m
&
cos’C sin’C _ 1
| p° mninp+pm (n+p)(n+p)
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a_ _ b _ ck
\/p+p Jp+m Vm+n

(vi ¢ = a? + b% -2abcosC

2+P+ma2_2a P+m' P
n+p ¢ n+p (m+p)(n+p)
- [3]2 _n4+p+p+m-2p_ n+m R
a n+p n-+p

a

C
L —3 =
Jo+p +Jm+n

Chu §:
Tit bat ddng thic (*) ta suy ra mot s6 bat ddng thdc cu

thé ma cédc ban c6 gip trong mot s6 sdch tham khao hay dé
thi tuyén sinh dai hoc.

eV6im=n=p=1, tacé: a2+b2+c224S\/-?_>

,

e V6i |m=— be , ta c6:
a’
ca
0=
ab
P
b2
ab+bc+ca>4 —+—+—S
be ab

> 4438
.Vdi a=b=c=1,taC():

m +n +p > /3(mn + np + pm)

SN (m+n+p)2 > 3(mn + np + pm)
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Bai 12
Cho AABC 0d 2cotgB = cotgA + cotgC. Ga G latrang ttm AABC.
Chiing minh ring:

GAC = GBA

GIAT

A

( B

Ta c6: cotgA + cotgC = 2cotgB

b2 +c¢?-a® a’+b%-¢? ¢ +a? ~Db?
S + =2
48 1S 48

(]
o
©
]
[}
[
+
]
»n

[J]
o
(3
i
(o)
——
[¢]
(5]
+
[+
[
—
|
o
(S
]
>
=
[~ o ]

& NA’ = NG.NB

o NA _NB
NG NA

ANAG v ANBA
& GAC = GBA

3
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- Bai 13}
Cho AABC, B > C. Ching minh rang:
A=2(B-C)e (b-c)(b+c) =a’b

(Tap chi “Todn hoc va Tubi tré”)

GIAI |
Goi AD la phén gidc trong AABC.
Ta c6:

AD2=1§ =(b+c)2-bc.p.(p—a)
C bC .
= (b+c)2(a+b+c)(b+c—a)
Do d6: A =2(B-C) |
k @_:A—+C=B
2
& ADB= ABD
< AB=AD
o c2'=btj:c(a+b+c)(b+c—a)

& c(b+o) = b[(b-+c)’ -gz]
REN (b—c)(b+c)2 = a’b

—{ Bai 14}

Cho AABC, trong tam G nim trong duong tron ndi tlep @.
Ching minh réng:
Max {a b?, 2} < 4Min {bc, ca,ab} (1)

(Tap chi “Todn hoc va Tubi tré”)
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GIAI

Khéng gidm tinh téng quat ta

gidstazb2>c. -

Ta phai chitng minh a2 < 4bc.

Goi M la trung diém BC va G

1a trong tam AABC. AM cét (I)

tai P, N (& hinh vé) va T 1a tiép
¢ diém cta (I) véi BC.

Ta c6: MT? = MN.MP
va MNMP < MG.MA (vi G ndm trong (I))

= MT? < MG.MA

= MT? < %MA2

Hon nita: |[MA? = ma® = %(sz +2¢? - az)

MT =CT-CM=p-c-2-0-¢
2 2
2
= Q—)—_L)<——1—(2b2 +42c2—a2)
4 12 :
=N 3(b—c)2<2b2+2c2-—ai"
=N a2<2b2+2c2—3(b—c)2
& a’ <4bc-(b-c)’
< a’ <4bec = (dpecm)

F‘v Bai 15’}
Cho AABC. Ching minh ring:
a b c
— + + <1
a’+\/(a+b)(a+‘c) b+\/(b+c)(b+a) c+\/(c+a)(c+»b) A

(Tap chi “Tobin hoc va Tubi tré”)
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GIAT
" Theo BPT Bunhiacopski:
:_JE(\/L\E)S (a+b)(a+c)
a a
a+\Ka+b)(a+c)Sa+«fa—(.b+\/E)‘
a . < Ja
a+\/(a+b)(afc')—\/;+\/g+\/z

Ching minh tuong tu:

b . b
b+'ﬁl+c)(b+a)- " Va+vb+e
c Ve

c+\[(c+a)(c+b) \/;+\/B+\/E/

a+\/(a+b) a+c) b+ﬁ+c)(b+a) c+ﬁ:+a) c+b)

Diu“=" < a=b=¢c>0

-'- Bai 16 }
" Cho AABC. Ching minh ring:

h? +i h2 h2 9r

be ab - R2
GIAI
Ta cé:
1 1 1 :
° (h +h +h )[h—' -}l_br+.—1'l_c. 29 = (ha +hb+hc)2 9

™
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e ab+bc+cac<a?®+b’+c?
4R? ('sinf2 A + sin® B + sin?® C)

IA

IA

4r22 _ gre
4
Theo BDT bunhiacopski:

(9r)* <(\/._\/—E+\/_sfc;+—;-=\/§b)2

2 2 2
h LR by ](ab + bc + ca)

bc ab

<orz(Ba h2 h2 h2
‘bc ca ab

h? h2 h2
= ‘b_c_+ca ab R2

-(Bai 17}

Cho AABC nhon. Goi AA, BB, CC, 1a ba duang cao v6i H la
truc tam A ABC. Ching m1nh réng

a+b+c2>2J3(HA, +HB, +HC,)
(Dé thi dé nghi Olympic 30-4)

GIAI
c, Khéng gidm tinh téng quét; ta xem:
a<b<e
< A<BceC
B C < cosA > cosB > cosC

Hon nifa, ta ¢6: HA, = A,CcotgB = ACcosC.cotgB

= 2R sin BeosC cos B
sin

= 2R cosB.cosC
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Ching minh tuong tu:
HB, = 2RcosC.cos A
HC, = 2RcosA.cosB
Do d6: HA, < HB, < HC,
Theo BDT Trebusep: |
(a+b+c)(HA, + HB, + HC)) < 3[:¢1.HA1 +b.HB, + c.HCIJ]

68

HA, +HB, +HC, _ 65
a+b+c T 4p?
. 3e(p-2a)(p-b)(p-¢)

- 2

2p

p—a+p—b+p-—c3
3\/"( 3 )

2p®

IA

(BPT Cauchy)

1

<

| 2v3

Vay: 2J3(HA, +HB, +HC)<a+b+c
Déu “=” <> AABC déu

(Bai 18)

Cho AABC nhon c6 AB, BC, CA < 1. Ching minh ring:
743

sin%(3 —cosA)+ sin—g(:? —-cosB) + sin%(3 ~cosC) 2 — ! +2

D4u “=” x4y ra khi nao?

(Dé thi dé nghi Olympic 30-4)
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GIAI
VT = 2sin-é-(1 + sin? é) + Zsin-l-a-(l + sin® }—3—) + 2sing(1 + sin? —q)
2 2 2 2 2 2

.A . B .C .sA . 3B . 3C
= 2|sin— +sin—= + sin— |+ 2| sin” — + sin” — + s1n” —
2 2 2 2 2

ma :
cosA +cosB = 2coasA+B.cos,A"B = 2sin9-.cosA_B < 2:sin9
2 2 2 ' 2
Ching minh tuong tu

. cosB+ cosC < 2sin—‘;—
cosC +cosA < 2sin§
Do d6: o

1+X = cosA +cosB +cosC < sin—A—‘+‘sinE + sing
R 2 2
Mait khaéc:

sin?® A + sin?® B + sin® c 2 3§/sin3 A + sin® B + sin® c
: 2 2 .2 2 2 2

> 3sin sinB sin S = 3L
2 51y

2 4R

Do d6: VTzz(1+r)+2-‘"—=2+7"
: R 4R 2R
Do a,b,c <1, AABC nhon.
Gid st Max{a,b,c}=a<1l = %$A<% = —\/2§SsinA<1'
= 13> a® =4R’sin’ A > 3R?
= R=< 1
B
= VT22+1;/-§r

D4u “=” © AABC déu canh bing 1
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—{(Bai 19}

Goi I va O la tam dudng tron ndi ti€p va ngoai ti€p AABC
khong déu. Ching minh ring: )

ATO < 90° «» 2BC < AB + AC
'(Dé thi dé nghi Olympic 30-4)

GIAIL

Ta c6: AIO < 90°
o A0? <10 +1A2

2
< R?®<R?-2Rr+—

(Do céng thitc Euler)

s 2
sin® —
< 2R < r 2

sin? =
2
< 1-cosA <

be.sin A

1- A —>
g cos R(a+b+c)

. . 2besin® A 2bcsin® A
1—-cosA < - =
2RsinA(a+b+c) a(a+b+c)

a(a+b+c)< 2bc(l+cosA)

.

a(a+b+c)<2bc+b®+c*-a’
a(a+b+c) < (b+c) -a’

2a<b+c

U T
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RO o S Lt i S

~{(Bai 20}

Cho AABC, M nim trong AABC. Piat MA =x, MB =y, MC =
z. Goi p, q, r 12 khodng cédch tu M dén cdc canh BC, CA, AB
tuong ing. Ching minh ring:

a)'xch+br b)x+y+z22(p+q+r)

c)‘q+r+r>+p+p+q 1 x+y+z
T q+2x+r r+2y+p p+2z+q 3\p+r r+p p+gq
d) ax + by +cz > 2(ap + bg +cr)
e-)x“+y"+z“22°‘(p°‘+q°‘+r“), *v’ae[O,l]‘

(BDT Paul Edos)

)

GIAI

a) Ta c6: X2 ﬂ-;—-l-)f-
& xsinA 2 qsinC+rsinB (Do dinh ly ham sin)

o x®sin®A > g%sin?C +r?sin?B + 2qrsin B.sinC 1)
Hon nita: (xsinA)” = QR? = r* +q* + 2rqcos A
= x’sin’A =r?+q® +2rqcosA
Do dé:
(1) & r®cos®’B+qcos®C +2rq(cosA -sinB.sinC) 2
< r’cos’B+qcos®C - 2rqeosB.cosC 2 0
& (rcosB-qcosC)*20  (ludn ding)
= céu a dugc ching minh
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b) Chitng minh tuong ty nhu céu a, ta c6:
ar +cp
> :
Y5y
2> 2a+bp
c

Do dé: x+y+z2p(h+£—)+q(—c—+9—)+r(2+3)
: - c b a ¢ a b
> 2(p+q+r)

{MABﬁa
c) at:

MAC =8
Ta cé: r+q _ x(sina +sinf) -
q+2x+q x(sina+sinp+2)
siné‘.cosa_—@_
= 2 2
. A a—ﬂ
1 2eosE =2
_+sm2cos 5
1
- 1—', . A a—p0
1 + sin —cos
2 2
Do: 0< 1+Sin—1}—cos_(_x_-_l3. < 1+sin-“}-
2 2 2
_r+q _, 1
r+2x+q 1+-siné
’ 2

r+q . _T+p '+ p+q
r+2x+q r+2y+p p+2z+q

<3- ! + 1 + 1
. A . B .

l+sin—~ 14+sin— 1+sin—

2 2
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Hon nia:

1 1 1

3+sin-é+sin§-+sin—g A + B + C
— 2 2 2 1+sin=— 14sin= 1+sin—
< 2 2 2

)

Niw

>9

(Do BPT Cauchy)

- 2 1A+ 1B+'1029
‘2 1+sin§ 1+sin§— 1+sin-§

= 1 + 1 + 1 >2

' A B C
1 in— 1 in— 1 in —
-l-sm2 +51n_2 +sm2
r+q " r+p " P+q <1 (1)
r+2x+q r+2y+p p+2z+gq

Ta lai c6: ‘ ‘
X _ 1 _ 1 1
q+r sina+sing a—p
2

A
2sin .
Sll'l2 Cos

1 1 1
+

1{ x 4 y + /
A . B . C
n— sin— sin—
2 2 2

3lg+r r+p p+q

>1
6 si
Tu (1) va (2) = c dugc ching minh

d) Trong AAMP, ta cé:
AM + mp > Ap > ha
< x+p>ha
< ax +ap > aha

Ching minh tu’dhg tu:
by + bg > bhb

cz + cr > che
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= ax + by + cz+ ap + bq + cr > aha + bhb + che
ap +0q + Cr =2 ¢ b + chc

28 6S

= ax + by +cz > 2(ap + bq + cr)

e) Truéc hét ta ching minh b8 dé sau:
(X + Y)u > go-1 (Xa " Ya), V{X,Y >0 .

O<a<l

(3)

. Qua vay:

(3) & [%— + 1]0 > 2ot {%]a +1

& (a+1)f 227" (a" +1) (vbia= % >0)(4)

Xét: f,=(a+1)-2""(a"+1) ,a>0
Ta chi cAn xét 0 < oo <1(Vi o =1 thi (3) hién nhién ding) .
f(:) =a(a+ 1)"_—1 —a.a*!.2%!
= ofa+1)" - (22)""|
=0« a=1"
Bang xét ddu:

a .0 1 + 0Q

fo

(-)  \ 0 /

T d6 suy ra f,) 2 0, Va > 0, nhu vay bd dé duge chiing minh xong.
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Theo cau a, ta cé:

x>

z2

cq + br
a

>ar—i—cp

b

C

aq '+ bp

Af) dung bd dé trén, ta cé:

X > 93_+_"£] > go-t [_b_r] + c_q]
a a a
Chitng minh tuong tu:
4] > 2a—1 E] + EB]
. w225 + 3]
za 2 20—1 [ﬂ] + @]
C C 7
xa + yn +zu zzlv—lptv [E] +[£ + 2(v—lqu E] + E]
c b c a
b)*  (a)
+ 2% p® —] +{-—]
' a b

> 2 (p +q° +17)

-(Bai 21}

Cho AABC. O la dim tiy ¥ trong tam gidc.
bt OA = x, OB=y, OC = z Goi u, v, w tuong tdng la do dai
" cdc dudng phan gidc trong clia cdc géc BOC,COA,AOB trong
cdc tam gidc BOC, COA, AOB. Ching minh ring:
OA=x,0B=y,0C=1z"
' (BDT Paul Edos md réng)
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Truéc hét ta ching minh b dé sau:
Néu a + B+ v = thi

p’+q* +r1° >2(qrcosa+rpcosﬁ+pqcos'y) Vp,q,r € R

Qua vay: p®+4q’+r’ —2(qreosa + rpcosS + pqcos<y)
= (sin2 B + cos® B) p? - (sin2 a + cos® a) q®
+r’*—2qreosa — 2rp‘;:osﬁ + 2pq cos (a + B)
= [rz + (pcosB)* +(qcos )’ —2r(pcos ) — 2r(qcosa)
+ 2(p cos 5)(q cos a)] + [(p sin ﬁ)2 +(qsine)’ + 2pgqsin asin ﬁ]
= (r—pcosB —qcosa) +(psing - gsina)’ >0
(luén ding)
= B§ dé dugc ching minh '

Tr& lai bai todn.
Pat BOC = 2o, COA = 2[3, AOB 2y
(= a+B+y=m7) ,
~ Theo cong thic tinh d9 dai dudng phan gidc trong tam giac, ta co:

_ 2yzcosa 2zxcosf __2xycosy
y+z z+x X+y

Ap dung b3 dé trén, ta cé:

xry+a= (V] +() + (5]
Z(J_zcosa+~/—z—£cosﬂ+\/7cosv)
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+z+~/£.v.ﬂ+ xy.w.x+y'
yz ZX ,/xy

>2(u+v+w)

y

= x+y+zz\/y_z.u.

Vay: x+y+z2>2(u+v+w)

—(Bai 22 }-

Cho AABC‘thc’)a 2tgB = tgA + tgC. Ching minh ring:
V2 |

cosA + cosC £ ——

2
4
(Dé thi hoc sinh gidi TPHCM )

GIAI

tgA + tgC
_sin(A+C)  sinB
" cosA.cosC  cosA .cosC

<> cosB = 2cosA.cosC = cos(A+C)+cos(A -C)
- =-cosB+cos(A-C)

~2cosB + cos(A -C)= 0

< 2cos(A+C)+cos(A-C)

2 _A+C —1)+2cos

Ta c6: 2tgB

(i

=0
2A"C_1=0

= 2(2cos

= g= 2008%# + coszé—;—g > 2J§cosA ; C.cosA;C

= §;4/—§ 2 ZCOSA;C.COSA-C = cosA+cosC

2
< cosA+cosC < —3—;/—5
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(Ba B

Cho A, B, C la ba géc cla mit tam giée. Hay tim giA tri nh nhétt cla:
T = sins—“s*—+sinGE +sin69—
2 2 2

(Dé thi Olympic 30-4)

| GIAI
Theo BDT Cauchy, ta cé:

6 6 2 2
‘sin°é+(—1—) +(l) > 3sin2£.(—1—) (—1-)
2 2 \2 2 \2 2
A

. 6 1 3 2
= gin®—=+-— > -—sin
2 32 16 2
= T+-3— > —(sinzé+s1n2 +sm2—)
32 16 2 2

> 3[3 —(cos A +cosB +cosC)]

3[. 3] 9
z 55[3_5] =— (vi cosA +cosB +cosC < %)

64
= T > i
64
Ddu" =" < AABC déu
Vay: MinT = —-
64

—{Bai 24}

Cho AABC. Pudng tron ndi ti€p AABC ti€p xic vdi cdc canh
AB, BC, CA l4n lugt tai A, B, C,. Pat BC, = a,CA, =b,
A B, = c,. Ching minh ring: :

1 1 1
a2+b2+c2 —+—+— 236
(2N rai v

(Dé thi Olympic 30-4)
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GIAI

A
C, 4 B
! ! Ta cé: A
{ - a, = 2AC, sin-z—
o . A
B ry c | r=2(p—a)sm—2-
:;a:f=(b+(;—a)2l-_£s,~é
| _b%+c2—-a2
=(b+c—a)2 Zbc
. 2 7
(b+c—a)2[a2-(b—c)2]
B 4bc '
_(b+c-a)(a+b-c)(a-b+c)
- 4bc '
b2 - (c-a)*|[¢? - (a - b)?
=[ ~(c a)][c (a )]SB‘_’
' 4bc 4
1 4
> =
= a; bc
Ching minh tuong tu: 1 > 4
' b? ca
1.4
¢ " ab
1 1 1 1 1 1
R | SR S
= af+bf+cf" [ab+bc+ca]
> 4___9__
- ab+bc+ca
9
24—
a®? +b? +c?
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Vay: (a2 +b? +c2)[—12—+312—+—1§-J > 36

1 1 G

Déu " =" < AABC déu

—(Bai 25}
Céc goéc cia AABC phai thda mén diéu kién gi dé dudng phan
gidc géc A, dugng trung tuyén vé tif B va dudng cao ha tu
dinh C c4t nhau tai mot diém.

(Pé thi dé nghi Olympic 30-4)

GIAI
A

B ' D.
(=) DPiéu kién can:
o Gia sl dudng phan gidc trong AD, trung tuyén BE va dudng
cao CF cdt nhau tai diém I. :
= I ndm trong AABC.

Tacé: (DB ¢
IDC b

TEC = EA

FA = bcosA

 FB = acosB

¢ Theo dinh ly Xéva: DB EC FA
AD, BE, CF 45 el == =
, CF d0ngawy = 56 BAFB
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¢ bcosA
b acosB

ccosA
acosB

1

sinCcosA
sin AcosB

o - sinC
} t -
e tgA cosB

(<) Didu kién di

Gi& st AABC c6 tgA = S0

cos B

= tgA.cosB>0

= A,B nhon

= F ndm trén doan AB
FA = bcosA

= {FB = acosB

Vi sinC>0

Do d6: tgA = :‘;‘S‘g

DB EC FA _
DC EA'FB
Theo dinh Iy Xéva suy ra AD, BE, CF dong quy ho#c song song nhau.
- Nhung AD cdt BE nén suy ra AD, BE, CF déng quy.

F" Bal 26 }-
Cho AABC. Ching minh ring:
27R?

1

m,.m.m_, <

(Dé thi dé nghi Olympic 30-4)
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GIAI
Ta cé:

sin? A +sin?B+sin?C =1-cos?A+1- —;—(cos 2B + cos 2€)

= 2-cos® A + cos A.cos(B - C)
< 2-cos® A +|cos A

<9 (COS2A - |cos Al +£J
4 4

= a’+b?+c® = 4R*(sin® A +sin’ B + sin’C) < 4R2§- < 9R?

, | 2 2 8 L o\3
= m?+m?+m? s(m°+n;b+m°) S(Z?R ] (Do BDT Cauchy)

4.3
= m,.m,.m, sgézR3
|cos,A|=—1—
. 2 .
Diu "=" <« {cosA.cos(B-C)=|cosA| « AABC déu
| = m = m
Chu y:
Trong AABC, ta cé:
2(b? +c2)—a?
m? = (b® +¢*)-a
4
2 2+ 2 ___b2 .
{m? = (c :) = m§+m§+mf=§(a2+b2+c2)
2(a? + b?) - c?
o)

95




—{( Bai 27 }-

Cho AABC c6 dién tich S, 46 dai céc canh la a, b, c va n>2.
Ching minh ring:

S Y 3(%) 8 +la-b" +|b-c¢f* +|c - a"

+(b+c—a)“|b—c|"+(c+a—b)n|c—'a|‘“+(a+b—c)n|a—b|n

GIAI

D& ching minh bai toan, truéc hét ta ching minh céc b3 dé sau:

Bé dé 1:

x>y=20 m ..m m
A A - > -
Cho { >1 , ta luén c6: x" -y ‘_(x y)

Ching minh:
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Bé dé 2:
x’y’z > O A P
, ta luén cé:

Cho {

m2>1

m

) X +y Z[x+yj

2 2

b) x™ +y™ + 2™ 2(x+y+z)m
3 3

-Chfmg minh:
a) Theo BPT Bernoulli:

[_%ﬁ_j"’ _ [1_¥.j 51 mx-Y)

X+y X+y X+y
+ ‘ m . m

[ 2y ) =(1+———y—x}21+—————m(y—x),

X+y X+y X+y

2v
Déu "o M L I:m;-l
X=y
b) Theo BDT céau a, ta cé:
o Zm:(x+yt§j w [ Xtyt2 ®
x™ +y" | 3 Z(x+y) N R
2 2 2 2
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Ching minh:

a) e Néu {x =0 thi BDT a) hién nhién ding

y=0
. xZ 2
* Néu x,y >0,tacé: 0<—5—, 2y 7 <1
x°+y X“+y :

Do dé: m

2 2 2

X <_X

x? +y? x? +y?
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b) Theo BDT a), ta cé:

(x+yjm+x—ylm< (x+y)2+|x—y|2
2 2 | |l 2 | 2 |

< ,m - ~ (Do b6 dé 2a)

Vay: xm+ym2(x+y) +|x—y|
2 2 | 2

Dgu "=”C>|:m=2

Bé6 dé 4:
Trong AABC. Ta luén cé:

a2 +b? +¢2 2218«/§+(a-b)2+(b—c)2+(c-‘—a)2
hay '

(P,“a)(P‘b)*‘(P—,b)(P—C)+(p—C)(p—a)2SJ§

(vé6i 2p=a+b+c)
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Ching minh:
Ta c6: ;
a’? +b%+c? 248\/§+(a—'b)2,+(b—c)2+(c—a)2 |
= [az—(b—c)2]+[b2—(c—a)z:]+[c2—(a~b)2]248\/§
o 4(p-b)(p-c)+4(p-c)(p-a)+4(p-a)(p-D)245V3
' X=p-a> 0

= xy+yz+zx28\/§- véi y=p—b>‘0
z=p-c>0

. xy+yz+zx2\ﬁ3xyz(x+y+z)

Wi S=p(p-a)(p-b)(p-c) = Jxyz(x +y+2))
& (xy+yz+ zx‘)2 > 3xyz(x +y +z)
< (xy- yz)2 +(yz - zx)2 +(2zx - xy)2 >0
BDT cubi luén ding
Vay: a? +b% +¢? 2 48\/§+(a—-b)2 +(b—c)2 +(c—a)2
Dau "=" < AABC déu | '
Quay lai bai todn 2 (b- c)2 o
Trong AABC, tavluén c6: {b? - (c- a)2 >0
c"»—(a—b)2 >0
Do d6, theo BDT1 thi:
a’ -|b- c|2n > [az ~|b- c|2:|n = [4 (p-b)(p- c)]”

b e ~af” > [b? ~le~af | = [4(p-)(p -2)]"

n

o2 _ |a _ blzn S [cz _ |a"— blz] [4 (p - a)(p - b):ln
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= a® +b® 4+ '—|a—b|2" —|b—c|2n —|c—a]2n >

[4(p - b)(p - ¢)] +[4(p-c)(p-a)]

2
[4 (p—c)(p—a)iln + [4 (p-a)(p - b):|n
2
[4e-2)p-0)] +[4(p-b)(p- o)
2

v

(-0 40 -IC-IT 4,y op i
: | ,

ELECIEEEERTEED ) PR
2 . .

(4(p-2a)(p-b)+4(p-b)(p-9)] +(c+a—5)" lc?aln
. 4

(Do BDT 3b)
2[2(p-b)(p-c)+2(p-c)(p-2)]
+[2(p-c)(p-a)+2(p-2a)(p-D)]
+[2(p-a)(p-b)+2(p - b)(p )] +(b+c-a) -
+(c+a-bfle-af +(a+b-c)fa—bf

> 3{4(p‘a)(p‘b)+4(l"b)(P—C)f‘i(p—C)(p _a)T
3,

+(b+c-a)’lb-¢ +(c+a-b)|c-a +v(a+b—c)’n|a—b|n

(Do BPT 2b)
23(%) +(b‘+c—a)n|b—,c|n +(c+a-b)'lc-a +(a+b-c)’|a-bf
‘ (Do BPT 4)
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; . ¢ 4 " 2n | 2n | 2n
Vay: al*‘+b2“+cz“z3(~—j S"+la-b[" +b-cf-+|c-a
ay L)t rla- b efo- o tle-a

+(b+c—a)"|b—c|“+(c+a—b)“|c—al|n+(a+b—c)"|a—b|n
Ddu " =" < AABC déu.

' Chui 3: Trong AABC, ta ludn co nhitng BDT quen thuéc sau:
1) a®+b’+c?245/3 (Dé thi Olympic Todn Quéc t& ldn 3)
) ab+bc+ca24S«/§ | ,
3) a2+b2+c224S«/§+(a'—b)2+(b—c)2+(c—a)_2-
4) a'+b*+c' 2168  (Déthi PHDL Hing Vuorg, nam 2000)
5 a®™ +b¥™ +c™ > 3( ~~~~~~ )n S" +(a-b)" +(b- )™ +(c- a)™
(neN¥*)

(Tap chi “Todn hoc va Tubi tré”, sé trong nam 1997) -

—{Bai 28)
Cho AABC déu, tit diém M ndm trong AABC ké MA, MB,
MC cét cdc canh BC, CA, AB l4n lugt tai X, Y, Z. Goi D, E, F
theo thd tu 1a hinh chidu cia M trén BC, CA, AB.

Chiing minh ring: S,ppr 2 Sy

(Pé thi dé nghi Olympic 30-4)

A GIAI

X = S,uac
Pat |y = Symca

z = S,map
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Khi dé: xMA + yMB +zMC =0 (*)

Goi H, K 1a hinh chiéu cda B, C xuéng AM, ta c6:
BX . BH Sy 2
CX CK Suyca VY

Ching minh tuong tu: cY =
: AY

N | M

Suyz _ AZAY
Susc ABAC
| AZAY
(AZ + BZ)(AY +CY)
1 1

148271, Y
AZ AY

1 1 _ yz
14X 14X (x+y)(x+2)
y z

Suy ra:

Chiing minh tuong tu:

Sapzx _ ZX
Suec (v +2)(y +x)

S acxy _ Xy

Saasc (Z + Y) (Z + Y)
S vz Xy yz zZX

= Sume . (@tx)(zry) (x+y)x+2) F+2)(F+x)

xy (x +y) + yz(y + 2) + 2x(z + x)
(x+y)(y +2z)(z +x)

3 2xyz

 (x+y)(y+z)(z+x%)

=1-
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Hon nita, tir (*) suy ra:
xOA + yOB + zOC ='x(6ﬁ + IT/ITX) + y(OM +‘MB) + z(OM + m)
= (x+y +2z)OM (trong dé O la tém AABC)

= (x+y+ z)2 OM? = (x2 +y% + zZ)R2 +2xy.0OA .OB
| +2yz.@;@+22x.6@.(ﬁ
. : (trong do OA = R)
= (x2 +y? +z2)R2 -xy.R? -yz.R? - zx .R?

= (x2 +y% +22 —xy —yz—zx)R2
OM* _ x> +y? +2% —xy - yz - zx
R? (x+y+ z)2
Do d6, theo cong thic Euler: .
Swer _ 1 [1 ) OM2]

Supe 4 RZ

3(xy + yz + zx)

4(x+y+z)

Tu d6, suy ra: S, o0 > S,yz
3(xy + yz + zx) N 2xyz
4(x+y+z)"  (x+y)(y+2)(z+x)

& Bxyz(x+y+ z)2 <3(xy +yz+zx)(x+y)(y +2z)(z + x)

Bat ddng thic cudi dung, vi:
(x+y)(y +z)(z + x) 2 8xyz
= g—(x+y)(y+z)(z+x)2(_x+y)(y+z)(z+x)+xjfz
2 (x+y+z)(xy + yz + zx)

= g(x+y)(y+z)(z+x)(xy+yz+zx)

8 2(x+y+z)(xy+yz+zx)2 > (x+y+2z)3xyz(x+y+2z)

23xyz(x+y+z)2‘ '

= 3(x+y)(y+z)(z+k)(xy+yz+zx)28xyz(x+y+z)2
(Ppcm)

o
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—(Bai 29 }

Xdc dinh tinh ch4t cia AABC néu A, B, C théa:
' . .3 .
sin A+smA 9 (1)
[ sin’ (B+C)-sin(B+C)+ ]

A ,B . B _,C ,B+C
tg—. ——tg—. —=1-2co0 2
gzcos2 gzcos2 5 (2)

(D& thi d& nghi Olympic 30-4)

GIAI
Ta cé:
(1) & sin®A+sinA =2(sin® A -sin A +1)
& sin3A+sinA=2(sin4A+sin2A+1v
—2sin3A+2sin2A—2sinA)
2sin* A - 5sin® A + 6sin? A -5sinA +2=0

=
& (sinA-1)°(2sin® A -sinA+2)=0
= sinA=1 < A=90°
(2) & tg%cosz—g:tg—]z3 0‘2‘-»(22
g:>ﬁtg§(1+tg J—tgg[1+tg'—)
= [tg%—tg%)(l+tg 123+tg —S—H:g]z3 tgpz-)=0
= 'tg%% tg% < B=C

Vay AABC cé cdc goc thoa man cac hé
da cho la tam gidc vuong can tai A.
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rlBéi 30}

Goi O la tdm dudng tron ndi ti€p AABC. R, R,, R,, R, 14n lugt
la ban kinh cdc dudng tron ngoai ti€p cdc tam gidc OBC, OCA,
OAB, ABC. r 1a ban kinh dudng tron ngoai tiép AABC va a, b,
¢ tuong dng l1a d9 dai cdc canh AABC. Ching minh ring:
RI,R: RI_R
a? b? " 2r

(Dé thi dé nghi Olympic 30-4)

GIAI
Ta cé:
9R, - —bC____ @
sin BOC cos 2
2 . 2
— Rf _ a a .

4c052% B 2(1'+cosA)

2

a L a’be _ a’be
_ 2[1+“—b2 e —azJ (b+cf-a’ 4p(p-a)
2bc (v6i2p =a+b+c)
4R?  be
a®  p(p-a)
Chdng minh tuong tu, ta dugc:
' 4R}  ca
b*  p(p-b)
4R?  ab
¢ p(p-c)

2

2 2 2
Do 4d6: 4(521—+&+B21]
a b c

|‘= be(p - b)(p~c)+ca(p-c)(p-a)+ab(p-a)(p-b)
p(p-2a)(p-b)(p-c)
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2 2 2
a : c
bc =~ +ca— +ab—

<4 4 4
< 5

1

—abc(a+b+c)
<4
< 3

1,rs?s
S4 T
S2

< 2R

r

' RZ2 RZ R2 R
Vay: D1, B2 DTy o T
W a2+b2+c2 or |
Diu " =" < AABC déu.

~ Béi’ 31}

Cho o >1. A, B, C 1a ba géc cia mot tam gié’c. Hay tim gid tri
16n nhét cha: . . .

_ (sinA)e + (sinB)a +(sinC)=

- 1 1

1
IR GHIRGH)
COS — +| COS— +] COS —
2 2 2)

(Dé thi dé nghi Olympic 30-4)

GIAI

Trude hét ta ching minh b8 dé:

.(a+b) <2 +b Va,b>0 (%)
2 2 _

Qua vay:

®) = (asz)_:(asz)a'zz )
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Theo BPT Bernoulli:

(&%) (-2

) a—b
+

a+ ‘a+b
(Zb) ( b- J >1 b—a
a+b) a+b)  “a+b
* sk 4
= (a+b) (a+b = (*7) ding
Diu " =" o a=b = (*) ding

Ap dung b8 dé trén, ta cé:

1 1\*

(sin A)a‘ + (sin B)= SinA+sinB _ cosg_cos A-B < cos =
9 _ 2 2 .
\ _1_ . l
= (sin é)a +(sinB)« < 2(cosg)Ol
v 2 2
Didu " =" < A=B

Ching minh tuong tu:

1 ‘ 1 B é
(sinC)a +(sinA)« < 2(0055)

Dau

‘ 1
(smB)a +(sinC)o < (
Diu " =" « B=C

1
= (sin A)i + (sin B)é + (sin C)u < (cos%) + (cos g)a + (cos%—]ot
< Q<1 )
Dau " =". < AABC déu.
 Vay: Max Q=1 (& AABC déu)
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(Bai 32}
Cho AABC néi tiép trong dudng tron (O). Goi G 1a trong tam
tam gidc. Gid st GA, GB, GC kéo dai gap dudng tron néi
trén tai A’, B, C’ tuong dng. Ching minh:
1SS SN SR
GA? "GB? GC? a’+bP+c?
‘trong d6 BC =a, AB=b,AC=c¢

(Pé thi dé nghi Olympic 30-4)

GIAI

" Theo cong thiic tinh dudng trung tuyén,

ta co:
GA? + GB? + GC? = %(ma2 +mb? + mc?)
= é.§(a2+b2+c2) = l(a2+b2+c2)
9 4 3
A’
Hon niia;

. OA? + OB? + OC? =(Dﬁ+§§)2+(a§+éﬁ)2+(5§+§é)z
= 3R? = 30G? + GA® + GB2 + GC?
= 30G2+?13-(a2+b2+c2)
= P%)) = 0G* -R? = —lg(a2 +b? +cz)

s it - 2
Hon nfia: P,, = GAGA' = I _GA

Ho) GA” ~ P%,
/(0)

1 1 1 GA?+GB?+GC?
ﬁ = .

GA:2 + GB'Z + GCI2 - P2G
70

(a2 +b% + c2)

|

a 27
(a2+b2+c2)2 aZ+b%+c?

&.""‘oa
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—{Bai 33)
Cho AABC nhon. Chiing minh ring:
Né'u:\/ cos A +\/ cos B +\/ cosC 78

sinB.sinC  VsinC.sinA  \VsinA.sinB
thi AABC déu.

(Dé thi dé nghi Olympic 30-4)

GIAI
Ta cé:
cosA = —cos(B+C) = -cosB.cosC +sinB.sinC ’
cosA
— =1 — cotgB.cotgC
sinB.sinC coteD.-cotg

cosA cosB cosC
= + +
sinB.sinC sinC.sin A sin A.sinB

= |1 - cotgB.cotgC + /1 - cotgC.cotgA + /1 - cotgA .cotgB

< \/5_\/3 — (cotgA .cotgB + cotgB .cotgC + cotgC.cotgA) = J6
(vi cotgA .cotgB + cotgB.cotgC + cotgC.cotgA =1)
Dau " =" < AABC déu.
= (Bpem)

— Bai 34 }
Cho AABC c6 ban kinh dudng tron ngoai tié€p R = 1
sin A +-smB . sinC _ 3
ma mb  mc
Ching minh ring: AABC déu.
(Dé thi dé nghi Olympic 30-4)

va
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GIAI

Theo dinh 1y ham sin, ta cé:

sinA sinB sinC a’ b? c?
+ + = + +
ma mb me 2a.ma  2b.mb 2c.mc
ma: a? _ J3.a? S J3.a?
2a .ma \/3a(2b2 +9c? - a2) T a?+b%+c?
‘ (Do BDT Cauchy)
Do d6:
. . . 2 2 2
sin A . sinB N sinC S x/§.a J3b N J3.c -3

ma mb me aZ+bi+c® a?+bi+c® al+bi+c?

Dau “=“x3dyrakhi vachikhia=b=c

—(Bai 35 )

Ching minh ring: 1 + 1 > %
: R r 2p

| Trong dé: p, R, r 1an lugt 1a nda chu vi, ban kinh dudng tron
ngoai tiép va ban kinh dudng tron nbi tiép cia AABC. Péng

thdc xdy ra khi nao? o :
(Dé thi dé nghi Olympic 30-4)

GIAI |
Goi a, b, ¢ 1a 49 dai 3 canh AABC.
Ta c6: abc = 4R.S =4Rrp (v6i S = S,,p. )
Theo bat ding thic Cauchy:
e (2p)’ =(a+b+c)’ 227abc = 27.4Rrp

= pz‘z —2§er (1)

_s_pe-ake-bE-9

P P

e r
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e

p

= p= Bﬁ.r (2)

&

Tu (1) va (2)

= p328‘1\/§Rr2 = 3 122—3\/5
2 4Rr 2p
1 1 1 1 1 :
= ot = -
R r R 2r 2r
> 33 1 _>__9;/—§
4Rr? p
L 1,1.93
R r™ 2p
:b:c
Didu"=" & {p-#i=p-b=p-c < AABC déu

R=2r ‘ '

—(Bais6)—
Cho AABC (AB < AC) ¢6 A = o . Trén canh AC ldy diém R

sao cho AB = RC. Goi E, D 14n lugt 1a trung diém cia AR va
BC. Tinh CED.

(Dé thi dé nghi Olympic 30-4)

| GIAI
A
E e Ciach 1: , R
R ' Dit CED =x,BC=2a,CA = b, AB = ¢
CDE = 150° - (c + ), CD=§—
- .
o D& B CE=CR+RE=c+b;c=b;c
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Ap dung dinh 1y ham sin trohg ACDE, ta cé:
CE _ CD - b+ec  a
sinCDE  sinCED sin(c+x) sinx
Ap dung dinh 1y ham sin trong AABC, ta c6:
a _' b 1 b+c
sinA sinB sinC sinB+sinC
~sinA _  sinx
sinB+sinC  sin(c +x)

Suy ra:

sin A _ sinx
sin(A+C)+sinC  sin(c +x)

. sin A sinx .
= =

25in[—g— +C) +cos% Sin(c + x)

sin A
9 sin X
pen’ =

sin(% N C) sin(C + x)

= cotg% + cotgC = cotgC + cotgx

= cotg—z— = cotgx
A
2

a
= X = -
2
e Cach 2-

Goi F 1a trung diém AC
b+c b ¢

—_—= =DF

= EF =CE-CF = =
2 -2 2

= AEDF can tai F

— AGED = LCFD =%
"3 T
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¢ Céch 3: .
Goi AK l& phéan gidc trong

CK__a
CA .b+c N C_K=_C__Q
,CD_ a CA"~ CE
CE b+c
CD _CE
CK CA
= DE || AK
= CED=2
2

—{( Bai 37}
Cho AMNP nhon. M, N, P luu déng trén dudng tron tam O.

bdn kinh R. Goi M, N,, P, la chan ba dudng cao tuong ting ha
td M, N, P. Tim gi4 tri 16n nh4t cda:

4
f = (M,N, + NP, + P M,)
MN? + NP® + PM?
. (Dé thi dé nghi Olympic 30-4)

M GIAL

Ta ¢6:
AMN,P,x2 AMNP
. NP, _ MN,

nén —1
NP MN
N \ P
" = NP=M='NP cos M
171 MN .
= 2RsinMcos M
= Rsin2M
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Ching minh tuong tu:
M,N, = Rsin 2P
P,M, = Rsin2N
N —;-(MlNl +N;P, + PM,)R = %Rz (sin 2M + sin 2N + sin 2P)
= 2R%*sinM.sinN.sin P

= SAMNE (1)
Hon nita:

MN? + NP2 + PM? - 48 ,,np /3

= 9NP? + 2PM? - 2NP .PMcosP - 2NP.PMsinPV3 -

= 2[NP? + PM? - 2NP.PMcos(P - 60°)

> 2[2NP.PM - 2NP.PM cos (P - 60°)]

2 4NP.PM[1 - cos(P -60°)] 20

= MN? + NP2+ PM? > 4S3,V3  (2)

Diu "=" < AMNP déu

Ap dung bt ding thic Bunhiacopski (2 14n), ta cé:
(MN? + NP? + PM?)’

MN® + NP® + PM*® >+ = (3)
4* st
Tt (2) va (3) = MN® 4+ NP® + PM?® > = TAMNP 3AMNP (4)
| . 3.2¢.8¢ 3
TeQ)va@4) = f< AMNP = _
R*.4*S% . 16.R*
Diu"=" < AMNP déu
3
Viy: Max f =
y ax 16R:

—( Bai 38}

Ching minh ring: V6i moi tam gidc ABC nhon cé dién tich
S = k > 0 cho trudc, c6 thé chda trong mot tam gidc vudng cé
dién tich S'<k+/3. '

(Dé thi dé nghi Olympic 30-4)
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GIAI

Gid si A la géc 16n nhA4t
(trong ba géc A, B, C).
“Goi M 1a trung diém canh BC.
Do AABC nl:lgn nén:

np . BC
EB H M ¢ D AM > —=

" Dung dudng tron tim M bén kinh R=AM cit BC tai E va D

| DAC = 90°
= BC & trong doan ED va a
. MB=MC=—2—<R

- ' ~(vdi a = BC)
RG rang ta luon ¢6 Max {AMC, AMB| > 90°

Gié st c6 géc AMC = o 2 90°

Vi A 1a géc 16n nhdt nén: AC<BC |

Theo dinh 1y ham cos: '

\ _
R? +(—;—) = MA? + MC? < MA? + MC? - 2MA .MC.cosa = AC?
<BC? =a® (vi cosa<0)

2
= R?+ %j < a?

= Spapg = é—AH.DE

<R.AH < AH.%g- = V3S 50

= S0 < V3.Sumc
= (Ppcm)
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(B4 39)-
Cho AABC c6 AH la dudng cao. Goi p,, P,, P, lan luot 1a nda
chu vi cdc tam gidc ABC, ABH, ACH. Chiing minh ring:
Néu p = p? +p; thi AABC vubng. -
(Dé thi dé nghi Olympw 30-4)

GIAI
A  Ta cé6:
2 2 2
P"=pPi+P; = P>Py, P
= B, C la cdc g6c nhon.

. Dét AH =a
s AB=c
C
B H BC=a *
CA=b
Khi dé: ,
. p1‘=,l(AH+BH+AB) = l(h+hcot:gB+ h )
2 2 sin B
l:l-(lJrcoth)
2 2

e P =%(AH+CH+AC)_

==1h = = to —
| = ( +hCOth+ p C) ('1+co gZ)

. p=-;-(a+'b+c)

l(ha tgB + ha . tgC + —P— 4 —2
2 ~ sinB sinC

g—(cotg % + cotg g)
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Do dé:  p? = p? +p]

2 2 2
) o (1 + cotg —g—) + (1 + cotg %) = (cotgg— + cotg %)

o 2+ 2(cotgg— + cotg %) - 2cotg~g.cotg—(22 |

B C ' B C
1+ cotg — tg— = cotg—.cotg—
= cog2.+cog2_ c g2 ,g2

cotgg.cotg -Q:—i

o 2 2 =1
coth+cotg9
2. 72

=N cotg(B;C] =1

A
o tg—=1
g.z_

< A =90°

—{Béi40'r
sinA+sinB+sinC 1

Cho AABC théa man cac hé thdc: = -
cosA +cosB+cosC /3

Max {A, B, C} > 2—3“

Chiing minh ring:

GIAI

Khéng gidm tinh téng quat, ta c6 thé gid st A> B>C
= Max{A,B,C}=A

Vi vay bai todn trd thanh: Ching minh A > -25; (1)
Tit gia thi€t da cho, suy ra:

sinA+sinB+sinC=COSATCOSBﬁLCOSCS 3 =
J3 23

L o)
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(vi cosA +cosB +cosC

A
N LY VL
N—

= sinA+sinB+sinCsi2_?—
va2 o e i 1N 2n |
Gia st (1) sai, tic la A < 3
Do A2B2C = 'Az%
= Toac?t '=>'sinA2[3—
3 3 - 2
T (2) va (3) = Vo ly
R 2n
Vay: A > —
y '> 3
—‘ Bai 41 'ﬁ
' Cho AABC. Chiing minh rang:
tgA+th+th _ 3smA+smB+smC < AABC déu
_ cosA +cosB +cosC .

GIAI
(<) Hién nhién
(=) Do trong AABC, ta luén cé:

sin A, sinB, sinC > 0
cosA +cosB+cosC =1+ 4sin%.sin]—;-.sin% >1
3(sin A +sinB + sin C) N

cosA + €osB + cosC
= tgA.tgB.tgC = tgA.tgB.tgC >0
= AABC nhon

= tgA +tgB+tgC = 0
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b+t -a 3(3a% +c? —bz)

48 anc 48 s8¢ o
4a? + 2¢ - b? (2a2 +2c¢% - bz) + 2a’®
ZSAABC 2SAABC
_4BM?+22°  2/2.BM.a _ 2V2
2Susc Saasc sin o
= cotgA + 3cotg(p > 2v2
sin @
= cotgA > w
sing
Ddu"=" < b=cV2

—{Bai 43 }-

" Cho AABC. Goi R, r 14n lugt 14 ban kinh dudng tron ngoa1
ti€p, noi tiép tam gidc. I 1a tdm duong tron noi ti€p tam giac.

Chitng minh rang: [, . 1p.1c_ K+r
: P 1
IA.IB.IC 2Rr? ( )
(Dé thi dé nghi Olympic 30-4)

GIAI
Ta céb:
r r r r L r r T
1 g X T ,of T o T 4,1
W) ® 200w 2w’ cm 'R

. A . B . B . C ) .
o 2sin=.sin — + 2sin —.sin — + 2sin —sin —
2 2 2 2 2

< cosA fcosB+cosC (2)

121




cosé cosE
LN 2 2 >
Ta cé: COSE +cosé >2
2 2
cosé cosE
= sin%.sin— + z 22sin%.sin§
c —_— —
os2 cos 5

= —;—(sinA.tgg +sinB.tg%) > 2sin—g.sin§

Chiing minh tuong tu, ta dugc:

l(sinB.tg%%sihC.tg?) 2 2sing.sin—;—:

2
%(sinc.tg% +sinA.tg%) 2 2sin§—.$in%

= VT(2)< %tg%(sinB +sin C) + —;—tgg—(sinc +sin A)

+ %tgg-(sinA + sin B)

B+C B-C C+A C-A A+B 'A-B
.COS + COS .COS + COS .

< cos cos
-2 2 2 2 2

< cosA +cosB+cosC = VP (2)
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-( Bai 44 }-
Cho AABC cé A = 45°. Kéo dai canh BC vé phia B mot doan
BB’ = BC. Kéo dai BC vé phia C mot doan CC’ = BC.
Diat BAB = o, CAC = . Ching minh ring:
a) (1+cotga)(l+cotgB) = 8
342 .a?
be

b) cotgABB +cotgAC'C =

véi BC =a,CA =b, AB =c
(D& thi dé nghi Olympic 30-4)

GIAI

a) Tac6:  Supc = Sass = Space = S = bcf
'Goi I 1a trung diém canh AB. Khi dé:

S
SAABI = SABB’I =f2'

BI | AC (= ABT = 45°)

Ap dung dinh 1y ham cos mé rong trong AABC, ta c6:
AB? + BI? - AI? N AI” + AB? - BI?
: 25 25
 AB?
S

cothB\I + cotgﬁKI =

2 2
LN 1+cotga=c—
S S
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Ching minh tuong tu:
- b*
1+ cotgp = —-
S 2
be)
S

= (1 cotga) (1 +cotgp) = 2 -5 @ s - bc‘/g

"'b) Ap dung dinh 1y ham cos mé rong trong ABBL ta c6:

cotgAB'B +;cotgﬂ‘3\13'. . ‘ »
_ BB? +BT? + BI? . BB’ + BI? - BT? _ 3"’_
25 ' 28 R

o 2
= cotgAB'B + cotgC = %
Ching minh tuong ty: \

cotgAC'C + cotgB = —aé—-
Tir 46 suy ra:

2

cotgAB'B + cotgACC = 2Si ~ (cotgB + cotgC)

_ 2a® c2+a2—b2+a2v+b2—-c2 o
S 4S8 4S '

_ 8’ 3/2.a® (i S = bey/2 )
28 be o4

—(Bai 45 )

Tim gi4 tri cdc géc a, B, y clia mot tam gidc, biét:

Csin 2P Ga %o a8 3 (1)
2 2 2
(Dé thi dé nghi Olympic 30-4)
\ GIAI
Tacé: ¢ a+B+y=n = *

‘ N 30 38n 3
= 3a =3n (B+7) = =3 2(B+Y) (2)
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. sina_B+sina_Y
2 2
=2sin2a—B*Y.cosB—Y
i 4
=2sin2n—3(B+Y).cosB—Y
4 4 -
3 _
= 2c0s (Bdw).cosB H (3)
4 4
Tu (2) = singoiﬁ—cosm
2 2
3 .
Pit u = cos (B+7)
4
Tir (1), (3) va (4)
= 2ucosB‘—Y+1 2u2—% )
o 2u® 2ucosB_Y+l=0
4 2
= uz—ucosP—:l+ 0
4 4
' 2
o [u———cos[}-———l +Lain2BY g
4 4
u=teosP=Y 3(B-yv) 1
2 4 cos = =
&9 —2E 4 2
sinB_y=O B=7
cosP -1 B_=
A 2 2 < <2
B= B=y
- YO
S 4 ) = 9
B=y B=y=g£
{ \ 9
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CAC BAI TOAN TUY GIAI

1. Cho AABC nhon. h, h, h la cac dudng cao, p la nia chu vi
cia n6. Ching minh rang:

J3 Max{ha,hb,hc} >p
2. Cho mot tam gidc c6 dién tich S va goil, 1,1 1a cac duong
phén gide trong. Ching minh ring:

Ll + 11 +11, >3/3S

3. Cho AABC. Chiing minh ring:
p<2R+ (3J§ - 4)r (BDT Blulon)

4. Cho AABC, BC la canh 16n nhit. O 1a mét diém tuy )’r'trong
tam gidc. AO, BO, CO cit c4dc canh d6i dién tai P, Q, R.
Ching minh ring:

OP+0Q +OR < BC

5. Cho AABC, M ndm trong tam gidc sao cho MA = 1,
MB = MC = 6. Chiing minh ring:

Spasc <1043

6. Cho D ndm trong AABC nhon sao cho:

ADB = ACB +90° v& AC.BD = AD.BC
AB.CD
AC.BD
b) Chitng minh ring ti€p tuyén tai C cia cdc dudng
tron ngoai ti€p cdc tam gidc ACD va BCD vudng géc nhau.
(Dé thi Olympic Todn Qudc té)

a) Tinh ty s6:
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~ 2
7. Cho AABC c6A > B > C. Ching minh ring:
ha? hb? he? _ha hb  he
gty 2Tt T
hb he* ha hb hc ha
(Tap chi “Todn hoc va Tudi tré”)

8. Cho AABC. Ching minh ring:
AABC déu < tg®%A + tg®%B + tg®*C = 31004

9. Cho P ndm trong AABC. Ching minh ring: ‘
Min {ﬁﬁafﬁ:,ﬁ} < 30° |

: ‘ (Pé thi Olympic Todn Qudc té)
\ . : W,
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Chuang IlI:
CAC BAI TOAN CHON LOC KHAC

~{ Bai 1} ‘
Cho hinh vuéng ABCD c6 canh bing 1, I 1A trung diém cda
AD, M 1a mét diém trén canh DC; MA va MB cédt IC ldn lugt
tai M|, M,. bat DA/I = X. Tinh dién tich AMM M, theo x.

' - . ~ (Pé thi dé nghi Olympic 30-4)

A ‘ B GIAI

Dung ME| AD, EeCI

I Ta c6. ME _ MC
B acol —=—- =1~
ID CD
P, )
: = ME = =(1-x)
X ,_ , 2
D M C
Mait khac: .
MM, _ME
AM, Al
, 1-x
_ MM, MM, _ ME _ o=
AM AM,+MM AI+ME 1 1-x
1-x 2
= (1
5, 1)
BM, BC
' 1-x
MM, _ MM, ___ME _ 9 _1-x (2)
BM BM,+M,M BC+ME ,_ 1-x 3-x

+

[\
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7. Cho AABC ¢6 A > B > C. Ching minh rang:
ha? hb? he®> _ha hb  he
sttt 2 ot
hb? he® ha® hb hc ha
(Tap chi “Todn hoc va Tudi tré”)

8. Cho AABC. Chiing minh ring:
AABC déu > tg™®A + tg2%B + tg?%C = 31

9. Cho P nim trong AABC. Ching minh ring: S
Min {1@,13’13?3,@} < 30° |

(Pé thi Olympic Todn Quéc té)

J/
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Chuong lli: . |
clic BAI TOAN CHON LQC KHAC

-(Bai1)

Cho hinh vuéng ABCD c6 canh bing 1, I 1a trung diém cia
AD M la mot diém trén canh DC; MA va MB cit IC 14n lugt
tai M,, M,. bit DA/I = X. Tlnh dién tich AMM M, theo x.

. (Dé thi dé nghz Olympic 30-4)

A ' B GIAI

Dung ME| AD, EeCI

I Ta c6: @=@=l—x
ID CD ‘

; M, 1

: = ME = =(1-x)

X 2
D M C
: Mat khac: . .
AM, Al .
: , 1-x
- MM, MM, __ME = g
AM AM,+MM AI+ME 1 1-x
1-x 2
= (1
s 1
MM, _ ME
BM, BC
' 1-x
- MM, MM, ___ME = o _1-x (2)
- BM BM,+M,M BC+ME 1+1-X 3-x
v iar
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Tix (1) va (2)

(1- X)2 _ MM, .MM, | _ S avm, M,
(2-x)(3-x) MAMB S maB
= 2SMM1M2

- 1)2
Vay S, .
W Paen = 5 T9)(x- 9)

—{ Bai2 }
Cho dudng tron (O,R) ti&p xdc véi dudng thing d tai H c5 dinh.
M, N la hai diém di dong trén d sao cho HM.HN = —k?(k = 0)
| TiuM va n ké hai tiép tuyén MA va NB dén (O). Ching minh

ring dudng thang AB ludn di qua diém cé dinh.
(Dé thi dé nghi Olympic 30-4)

GIAI

Ké dudng kinh IH cada (O).

Goi E, F 1an lugt 1a giao diém clia

IA va IB véi d.

D& dang ching minh dugc ring:
M, N 1a trung diém EH, FH.

Tir gia thiét:
HM.HN = -k’
= HE.HF = — 4k*

Dung dudng tron (EFI) cit IH kéo dai tai J.

Xét p,, =HI.HIJ
(EFI)

= HE. HF

N 4k2
= J ¢d dinh.
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Ap dung hé thiic lugng trong hai tam gidc vubng
IEH va IFH, ta c6:"
IA.IE = IB.IF = IH?

= Tu gidc ABFE noi tiép

= IAB = IFE

Do tif gidc IFJE ndi tié€p, ta cang cé:
[FE = IJE
’ - IAB=1JE

= AKJE ndi tiép
Xét P, =IK.IJ=IA.IE

Do I, J ¢& dinh, IH khéong ddi, suy ra K c6 dinh.
Vay AB luén di qua di€m c6 dinh K.

—{( Bai3 }

Cho that gidc déu A A)A A A AA, noi tiép dmmg tron (O).
M la diém thudc cung nho A A ChUng minh rang: ‘

MA, + MA, + MA, + MA, = MA, + MA, + MA; (1)
(Dé thi dé nghi Olympic 30-4)

A (.IAI

Goi R 1a ban kinh dudng tron (O),
Pat sd A M = 20

Ap dung dinh 1y ham sin trong
tam gidc MA A, ta c6:

MA, = 2Rsina
Tinh tuong tu:

MA, = 2Rsin (a + ?72)
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MA, = 2Rsin|a +-4—“)

MA7 = 2R sin A - (l) = 2Rsin(a +%)

7
MA, = 2Rsin|« +-;‘-)
. 3n
MA, = 2Rsin a+—,~7~)

MA, = 2Rsin a+—573)
Do dé: ‘ '
. ] 2n ) 4n ) 6n
(1)  sina+sin on+—7— + sin a+7 + sin a+7

. ( n) ) ( 3n) ) ( 5n)
=2sin{a+—|+sin| a+— |+ sin| o + o
7 7 7

. 3n 3n ) 3n 14
< 2sin| o+ — |cos— + 2sin| o + — |cos —
7 7 7 7

. ( 3n 2n 3n)
= 2sin| o+ — |cos— + sin| o + =— | -
7 7 7

n 2r 3nm 1
& C0S—-cos—+cos— == (2)
7 7 7 2

OSOLSE = sin(a+ﬁ]>0
7 7

biat S - cos;;——cosgg+cos%

n 3n 5n
= COS — + COS — + COS —
7 7 7

. T . 2n . 4m . 2n . 6n . 4=x
= 2s1n7.S=sm7+s1n——-—sm——+sm—-—sm—-

. 6n . n 1
=sln— =sin— = S==
7 7 2

Vay: (2) dung = (Ppcm)
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—{ Bai4 )

Cho dudng tron ban kinh bing 1. A 12 mot diém c6 dinh trén
dudng tron. Vé tiép tuyén tai A, trén tiép tuyén d6 ldy diém M

- sao cho AM = 1. Mot dudng théng d quay quanh M cét dudng
tron tai B va C. Xdc dinh vi tri cla d d€ tam gidc ABC c6 dién
tich 16n nhAat.

(Dé thi dé nghi Olympic 30-4)

GIAI
Pist AMB=o e (O,g)

Ta cé: m?a{B/Xl\\/I

ma m’I:X(_}TB

= ABC = o+ ACB

= BAC = 180 — (o + 2ACB]
Dung AH L BC tai H, ta cé:

AH = AM.sina = sina

= S,pc = %a.sina' (véia = BC)

Trong AABC, a =2sinA = 2sin(a +2c)
= Sapc = sina +sin(a +2c)
Ap dung dinh 1y ham sin trong AABM, ta cé:
AB AM
sina  sin ABM ,
= sina = csin ABM  (véi c.= AB)

= 2sinc.sin(a + c)

= cosa - cos (o + 2¢)
= cos(o +2¢) = cosa - sina

= Siupc = sin®a.sin® (a + 2¢)
= sin® oc[l —(cosa - sin a)z}

= 2sina.cosa

132




= S%pc = 4sin’ a.cos’a

4 . ]
= §S1n2 a..sin? o .sin? a(3 cos? a)

.2 .2 L2 2 4 4
<4[s1n a + sin® a + sin® o + 3cos o_c] 4(3)

=3 4 T3l

: (Do BPT Cauchy)
27

= S <4—
aaBC =47
Diu "=" & sin’a = 3cos’a
& tga=\/§
_ o
& a=—
| 3
) [27
Vay: Max Sgpe =4— (Rhia=2)
64 3

—{ Bai5 }
Cho n- g1ac déu tam O, canh a (a>0). I-)uong thdng (d) qua O

cit tdt cd cic dudng thidng chia cdc canh cia n gidc déu tai
M, M,, ..., M,. Ching minh riang:

i=1

. ,
1
8= Z——OM; 12 mot hing s¢ khéng phu thudc vao vi
tri cia dudng thang (d). —
(Dé thi dé nghi Olympic 30-4)

. GIAI /
a) I A
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Truée hét ta chiing minh bd dé:
Cho tia Ot. Mot doan OI thay d6i quanh véi gée 01 = ¢ < (0, 2r)
Budng thing vuéng géc v6i OI tai I ct Ot tai A

. I
thi |cosq| = o (Danh cho ban doc)

OA

b) Chitng minh bai todan
Goi Ot 1a mét tia trén d.
ALA,,.., A_la cic

hinh chiéu. cia O lén

cac canh a, a,,..., a_cla

da gic déu. M, M,,,..., M

1a cac giao diém ctia d véi

céc dumg thing chia cac
canh al, a,,..., a_. Khong
gidm tinh téng quat ta

gid sit ¢ = t’é_Kl ‘la géc ma khi Ot quay theo chiédu ngugc vdi

kim dong hd gdp OA, ddu tién. Khi dé: '

tT)_A\2=<p+&p
n
104, = ¢+ (i-1) 2%
. n
tOA =np—§-(n—1)2—7r
n
Theo b6 dé trén, ta cé: v
) 2r OA | —
Dl iz RV R
cos[go-{»(l )n] oM, i n

Tu d6, suy ra:

S= zn:—l— = —l—icoszlcp#(i - 1)2—7r]
7 OM! 0A} & , 'n

1 |n & ) 4n
= on? [§+§co$(2¢+(1—1)?)]
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n

bat: Q= Z cos(Z(p +(i-1) fl_q)
' i=1

2n = . 2n . 4>
9sin2s = Y 2sin——=.cos|{ 29 + (1 -1)-—
= 1 o ; i - [ o+ (1 ) - J |

K [Sin (Z(p +(2i-1) _2;’.‘.) B sin(% . (2 - 3)%’3]}

i=1

bat: | f,, = sin (Q(p +(21- 1)&‘_]
. n

. . 2n
= f,, =sin (2(;) +(2i - 3) —I-l—)
= Q= ;[fm - f(i-l)]
= )~ fo)
= sin (2<p +(2n - 1)27}—] - sin(2(p - -Z—Ej
' n n,

=O‘

Mat khac: OA, =
2tg—
. on.tg? —

a

—{Bai6
Cho tit gidc ABCD nbéi ti€p trong dudng tron (0), hai duong
chéo cit nhau tai M. Qua trung diém P cua canh AB ké duong
théng PM, qua trung diém Q cia canh BC ké duong thang QM.
Chdng minh rang: ‘
Néu PM 1L CD vaMA = MBthi QM L AD
' ' (Dé thi dé nghi Olympic 30-4)
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GIAI
MB=b, MB=b

Ta c6: AMAB v AMDC

nén: MD_E_k

A L MA MB
| U = MD = k.MA,MC = k.MB
‘ avi_kb- ——  ka_—_
| b

Theo gia thiét: PM 1L CD

08 8¢ 0 ¢g
E .

+N!

<,

jov]

rl Bai7 -
Cho tit gide 16i ABCD ¢6 AD = 3 ,ABD = ACD = 60°. E va
F 14 tdm cdc dudng tron noi tlep cac tam giac ABD va ACD.

V3 -1 . Tinh BC.

BF = J2 ’ (Dé thi dé nghi Olympic 30-4)

GIAI

Vi ABD = ACD = 60° = ABCD nbi tiép dudng tron (O)
= C6 ban kinh R = —'fA‘*D_ =1
2sin 60°
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Céc dudng thing BE va CF cit nhau

tai I 14 trung di€m cung AD cia (O).
Ta cé:

IOF = 30°+ 2 ADC = IFO

D = IF=ID=1

Chiing minh tuong tu: IE = IA =1

Khi d6:
EF? = IE? + IF? - 2IE.IF cos EIF
= 2-3 = 2—cosI§I\F_

. cosEIF - V3

= cosﬁI\F = 30°
= BC =1

(Bais )

Cho luc giac 16i ABCDEF théa man AB = BC, CD = DE, EF = FA.
Ching minh rding:  BC DE FA 3 |
> 2

s +—==2
BE DA FC 2

(Dé thi dé nghi Olympic 30-4)

GIAI
Ap dung BDT Ptoleme cho t& gidc ACEF, ta cé:
AC.EF + CE . AF > AE.CF

= AF(a+b)2c.CF
FA c

= —2

FC a+b
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Ching minh tuong tu, ta dugc:
DE, b
DA c¢c+a
BC, a
BE b+ec
BC DE FA a b X
= — + + > + +
BE DA FC b+c¢c c+a a+b
BC DE FA _3
+ 2=
BE DA FC 2 »
D4u "-" < ABCDEF la luc gidc déu

-(Baig)
Cho ti gidc ABCD noi tiép trong duong tron. Ching minh rang:
|AC - BD| < |AB - CD| |

(Dé thi dé nghi Olympic 30-4)

GIAI

Goi E, F 12 trung diém cta AC va BD.

B Theo dinh 1y vé trung tuyén, ta cé:
| AB? + BC? + CD? + DA?
' 2 : 2
= 2BE? + AC, + 2DE? + AC
C 2 2

=2(BE® + DEQ') + AC?
E

AN D

2
= 2[2EF2 + %] + AC?

= AC? + BD? + 4EF? (1)
(Hé thue Euler)
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Theo dinh ly Ptoleme, ta c6:
AC.BD = AB.CD+AD.BC (2)
Tir (1) va (2)

— (AC-BD)’ +4EF* = (AB-CD)" +(AD-BC)’ (3)
Hon nita, goi M 1a trung diém caa AB, ta c6:
EF > [ME - MF| =%|AD _BC|
— 4EF? > (AD-BC)" (4)
Tit (3) va (4)
= (AB-CD)’ > (AC-BDY’
= |AB-CD|2|AC - BD)|

—{Bai 10 }-
Cho ABCDEF 1la luc gidc néi tiép trong mot dudng tron va
théa man didu kién: AB = BC, CD = DE, EF = FA.

Ching minh ring: S ,cg < Suppr '

GIAI

GQi/O la tam dudng tron ngoai ti€p luc
gidgc ABCDEF, véi R 14 ban kinh cta né.

CAE = o
-bat {AEC =B
ACE =y

|
Khi d6: (EOD = DOE = o
T@:BT)F:B
EOF =FOA =7y

Suy ra: S, = 2R%sina.sinB.siny
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~(Baéi 11)

S,eor = 2R%sin = P sin B;Y.sin y;a

' o
= 2R? cos—-.cosE.cosl
Do 4é: Ssace < Suppr

. . . a .
< sina.sinf.siny < cos—.cos—B—.cosl
' e 2 2

B in?

Lo .
< 8sin—.sin—.sin- <1

N 4sin21—4sinl.cosa_[3+l >0
2 2
2

=N (2 sin% — cos _Oi_;_E) + sin® 9—; >0 (Dung)

= (Ppcm)

T gidc 16i ABCD ¢6 AC L BD va AC-BD =k > 0 cho trude.
Dung vé phia ngoai t\f gidc cdc tam gidc vudng cdn c6 canh
huyén 14n lugt 1a AB, BC, CD, DA. Goi O,, O,, O,, O, 1a céc
dinh cla cdc tam gidc dy. Xdc dinh gid tri nho nhat cia dién
tich tit giac 0, 0,0,0,.

(Pé thi dé nghi Olympic 30-4)

Goi I, J, P, Q 14n lugt 1a trung
diém cha AB, BC, CD va DA.
Dat S =S ;...

Khi dé:

D P C
S =381, + S,,p0, +8, pqo, + Ss,a10, + Suqe
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Hon nita:
_ %(ABZ +BC?)+ Sy + So, B |
(D&u "+" néu 90° < ABC < 180°
"_" péu 0° < ABC < 90°)

1 142, V2 e
= g(AB2 +BC®) + Sai; i—2——2—AB.—§-BC.s1n01B02
- -18-(AB2 +BC? - 2AB.BC.cos ABC)

1, e
= SABIJ +§AC

Tinh tuong tu: v
SOZJP03 = Sycrp + }S‘BDZ

S%PQ% = S,ppq *+ ‘;‘ACZ
S,.ql0, = Saaq + %‘BDz

Tu d6 suy ra: ‘
1
S = S,pep * Z(ACZ + BD?)

- Lac.BD +(AC? + BD?)
1

> —AC.BD+%AC.BD ~k

[N R N

_, MinS=k khi AC=BD=1+k

—(Bai 12}

‘Trong mot dugng tron cho ba day cung AB, CD va EF dong

quy tai K déi mot véi nhau mot goéc 60°. Ching minh rang:
'(KB—KA)(KB—KA+KC-KD)
- (KE - KF)(KE - KF - KC + KD)
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GIAl

Goi O 1a tam cua dudng tron.
bat: KA=a KB=}
KC=¢, KD-=d(,
KE =e, KF:t

- E

Pudng tron dusng kinh KO cit cac day cung AB, CD,

EF tai cdc trung diém L, M, N cia chiing.

Vi géc gitta cdc ddy cung 13 60°nén AMNL déu.

Ap dung dinh 1y ham cos trong tam gidc LMK, ta c6:
LM? = LK? + MK? - 2LK . MK . cos 120°

Hon nita: - b
,LK=a+b—a=b a .

2 2
MK = ¢4 _4_c-d

2 2

= LM? = i(b—a)2 +%(c—d)2 +%(.b—a)(c—d)

Tinh tuong tu, ta cé:

MN? < L q)2+%(e;f)'2—%(c—d)(e—f)

NL? =

N Y

(b-—a)2+i—(e—,f)2'—%(b—a)(e—f)

Vi LM = MN nén: _ | B
(b-a)2+(c—a)2+(b—a)(c—d)=(c—d)2+(e—f)2—(c—a)(e'—f)
= (b‘—a)(b—a+c-a)=(e~4f")(e—f—c+d)
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—(Bai 13)}—

Cho n diém A, A,,..
' OA, +OA, +--+0A, =0

Hay x4c dinh vi tri diém B thudc mét phéng chia dudng tron

., A_ thudc dudng tron (0,1) sao cho:

(O, 1) sao cho: n
- D BA}
_ =l

Q T n
> BA!
i=1

16n nhat

(Dé thi dé nghi Olympic 30-4)

GIAI
vi=12,..,n, ta co:
BA, = [BA]| = [OA; - OB|
~[o; -8} joA]
z(f)}s:—(“)‘1%)(‘)?\‘i - OA? - OB.OA,

= iBAi,Zn—_(‘)E.jzlaAﬁi =n

i=1

0
Ddu " =" « BA, TTOA, Vi=12,..,n
< B=O
Khong gidm tinh tdng quat, ta gid si: o
, . BA, <BA, <..<BA,
Ap dung bat ding thic Trebusep cho hai day don diéu tang:
BA, <BA, <..<BA,
{BA? <BAd<..<BA!

Ta duge bat ding thdc: -
(BA, + BA, +...+ BA,)(BA} + BA; + .. +BA?)

<n(BA! + BA} + ...+ BA}) = Q<1
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, =BA, =-.-=BA_
Diu "=" & BA, 2 "
: B=0O .
< B=0

Vay Max Q =1

rlBé\i14,L

. Trong tat cd cdc t& gidc 16i ABCD cé chu vi bing 1, tim tu
gidc sao cho biéu thic:

_ AB* N BC*
(AB+BC)’sinB  (BC +CD)’sinC
CD* DA*

+ 2 + 2 .
(CD+DA) sinD (DA + AB) sin A
dat gi4 tri nhoé nhat

(Dé thi dé nghi Olympic 30-4)

GIAI
bat
AB—aBC b,CD =c¢,DA =d
2 ‘2 2 2
S a b c d

+ +
a+b b+c c+d d+a

D C
2 2 2 2 2 2 2 2
Do a—b+b—c ¢’ -d +d—a -0
a+b b+ec c+d d+a

: a?+b? b2+c? c2+d? 4% +al
= 2.8S= + + +
a+b b+c c+d d+a

§(a+b)+ (b+c)+—é—(c—d)+%(d+a)=1

et

144




Didu "=" & a#b=c=d=i—

Ap dung bat dang thidc Bunhiacopski:

4 C 4 4 4
isszs4 a” b ¢ d

2 2+ 2+ 2 S4p
(a+b)” (b+c) (c+d) (d+a)

1
= 22—
Y 16 A

Déu " ¢ ABCD la hinh vuéng canh bing %

Vay: Min p = 1% (khi ABCD 14 hinh vuéng canh béngi)

- Bai 15 }-
Qua dinh D ciia tif gidc 16i ABCD ké cic dudng théng a, b, ¢ lan
lugt vudng géc véi DA, DB, DC. Goi A' =anBC, B’ = bnCA,
C’ = ¢ N AB. Ching minh ring: A’, B’, C’ thiang hang. |

(Pé thi dé nghi Olympic 30-4)

GIAI
Ta ¢6:
m=n—ﬁ'
BDC = BDC'

Ap dung dinh 1y ham s8 sin cho cdc
tam gidc A’'DB, A’DC, B'DA, B’'DC,
CDA, C'DB. Ta cé:

- AB sin_@ (1)
DB sinDAB

DC sin DA'C (2)
~AC sinADC
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B'C sin B'DC

DC sinDBC

DA _ sinm (4)
B'A sin BDA

CA _ sin C'DA (5)
DA sinDCA

DB _sinDCB (o
C'B sinCDB

Nhan ting vé& cac ddng thdc trén, ta cé:

AB BC CA _ sinDA'C sinDB'A sinDC'B
AC'BA CB 5inDAB sinDB'C sinDC'A
; =1 | |
- Vay theo dinh 1y Menelaus 4p dung cho AABCtac6 A, B, C thang hang

-(Bai 16}
Cho mét dudng tron tdm & trén canh AB clda mét td gidc 16i
ABCD va tiép xtic véi ba canh con lai. Ching minh ring:
Néu t& gidc ABCD noi tiép thi AD + BC = AB.
(Pé thi Olympic Todn Quéc té (tai Anh)

GIAI

Goi O 1a tAm dudng tron tiép
xtic véi ba canh cda i gidc ABCD,
r la ban kinh cta né, G va I 1a chan
cac dudng vuong goc ha td O theo
thit tu xudng BC, DA (xem hinh vé).
Khi dé:

BG = rféoth , CG = r.cotg%
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D
DI = r.cotg—
] r 0.82

Al = r.cotgA ,
OB =~ LT
sinB ' OA~ sinA

Do t gide ABCD ndi tiép
= A4+C=B+D=n

R 1-cosA A
Nén 2 = tg =~ = cotg —
. sinA g2 Cog2
1-cosB _t E B cotg—I-)-
snB £ 3 9
Suy ra: :
AD+BC=AI+ID+CG+GB
=T cotgA+coth+cotg—(—23—+cotg—gj
cosA+cosB 1—cosA+1—cdsB)
sin A sin B

sinA sinB

1 1 )
=T e
- \sinA sinB,

'=0A +0B = AB

—(Bai 17)
Cho tit gidc 18i ABCD. M € AC, P € BC, Q € AD, MP || AB,

MQ || CD. Ching minh ring:
| 1 1 1
< +
MP? + MQ® = AB? CD?
(Tap chi “ Todn Hoc va Tuéi Tré”)
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GIAI

Theo dinh ly Talet:

MQ _AM
CD AC
MP _MC
AB  AC
__M_Q_ + ME =1
| CD AB.
Vi vay, theo bat ddng thic Bunhiacopski:
B} [M@. X ME) |
“(CD AB
1 1 2 2
S[AB2 + CDZJ(MP + MQ?)
1 1 1
< +
MP? + MQ®> ~ AB? CD?
11
5y "-" « AB_CD
Dau o MP - MQ

< MP.AB = CQ.CD

Cung véi @_+_M_—P_ -1
CD AB
' 2
Ta tinh duge CM = =0 -2
AB? + CD?
—{( Bai 18}
Cho tit gidc 16i ABCD ¢6 ba canh AB = BC = CD = a.
Ching minh rang: 5745 _
Sascp S 1
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GIAI

C.
Dat: B,
BAC = o, ACD = § -
Khi dé:
A ‘ D

~ Sapep = Saasc + Saaco
- %AC.BH+%AC.CD.sinB

< BH.AH + AH.CD
<asina.acosa +a%cosa

' - . 2
= § <a‘cos’a(l+sina)
ABCD

< %a‘ (3 -3sina)(l +sina)(1 +sina)(l +sina)

<la4(3—3sina+1+sina+1+sina+1+sina)4
"3 4

(Do BDT Cauchy)

ABCD 4
Diu =" e (&30 |
3-3sina =1+sina
(B =290°
< . 1
sina = ~
2
o =30°
B = 90°

& ABCD la nda luc gidc déu canh a
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~{ Bai 19 }-
Cho tif gidc 161 ABCD chi c6 mot canh >1. Goi S la dién tich
cia tit gidc. Chitng minh ring:

33
S < N2
4

GIAI

Gia st AD > 1.
Nhu vay AB,BC,CD<1.
Pat a = AC

(= O<a=AC<‘AB+BC§2'
= 0<a<?2) '

Goi M la trung diém canh AC.

2
Ta c6: 9BM? +i§— = AB® +BC? <2

2.

=~ BM?<llo_2_
2 2

= BMS%\/4-—a2

= S

S\ABC

H

AC.BH

IA

a.BM

1
2
g
2
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a 2
<2 J4-
4\[ a
- S <2 J4-2a?
ABC 4 ’
Hon nita:

S =LlAC.CD.sinACD <2

AACD 2 . 2 '

:>v S=S\ABC AACD
<2 Js_a24+2
4 2
si(2+\/4—a2)

4

N Ss%(l.l+1.1+1\/4—a2)

' (Do BDT Bunhiacopski)
s%ﬁ.ﬁ2+12+4-a2_ '
<2 /3.J6-2a%

4 .
<_«/§ a%+6-a’
T4 2
< _3%_5 (Do BPT Cauchy)
= sz{—s—i‘?i
4
AB=BC=CD=1
Diu "=" < {ACL1CD

B =43

& ABCD la nita luc gidc déu canh bing 1
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CAC BAI TOAN TU GIAI

1. Cho ABCD la tif gidc 16i vita ndi tiép vita ngoai tiép. Goi S
- va p tudng Ung la dién tich va nia chu vi clia t gidc.
Ching minh ring: ,
- p
S = ' C D

. A B
tg—+tg—+tg—+tg—
82 ,82 g2 g2

2

2. Cho tit gidc 16i ABCD. M va N tuong Ung la trung di€ém AD
va BC. Pudng thang CM va DN cit nhau & E, con BM va
AN cét nhau ta1 F. Ching minh ring:

AF BF CE +DE
FN FM BM EN

3. Cho da gidc déu n canh AL A,..., A njiti€p dudng tron cé
ban kinh bing 1. Lay. dlem M tren cung nhé A A .

Ching minh rang:

n
a) MA, +MA;+.-+MA_,+MA_< 7
n

b) MA, + MA, +---+ MA,; +MA | < —\/—5 néu n chin

Péang thitc x4y ra khi nao?

(Tap chi “Todn hoc va Tudi tré”)

4. Cho hinh vuéng ABCD canh bang 1. Diém M va N l4an lugt
di dong trén AD va CD sao cho MBN = 45°

Ching minh ring:

ﬁ—lsSAﬁMNs%
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(5. Mot td gidc 16 ABCD c6 cdc tinh chat sau:
a) AB = AD+BC

b) C6 mot diém P bén trong t gidc cdch dudng thing
CD mét khodng h sao cho: AP = h + AD, BP = h +BC

Ching minh rang:
—_— 1 + ___1__
J'H " JAD JBC

" (Dé thi Olympic Todn Quéc té)

6. Cho ABCDEF 1a mot luc luc gidc 16i c6 AB = BC = CD, DE =
EF = FA va BCD = EFA = 60° . Cho GvaHlah hai diém
nim bén trong luc gidc sao cho AGB = DHE = 120°.
Ching minh ring: -

AG +GB +GH + DH + HE > CF
(Pé thi Olympic Todn Quéc té)

7. Xét cdc tu gidc 16i c6 cdc canh la a, b, ¢, d thoa man
diéu kién:
' Max {ab +cd, ac + bd, ad + ba} =
Tim t¢ gidc cé dién tich 1dn nhat.

8. Trén dudng thing cho bén diém phan biét theo thi tu A,
B, C, D. E 1a diém b4t ky ndm ngoai dUO'ng thang
Chiing minh réng:

AE + ED +|AB-CD| > BE + CE
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